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Optical properties of small dielectric spheroids with or without adsorbed molecules are studied theoretically.
Expressions for the absorption line shapes, the radiative and nonradiative decay rates, and quantum yields are
derived. In the case of a molecule near a spheroid the magnitudes differ dramatically from the corresponding

case of a molecule near a plane.

i. INTRODUCTION

Recent experimental and theoretical work on surface
enhanced Raman scattering (SERS)'? has indicated that
at least part, if not all, of the enhancement phenomenon
results from the modified local electromagnetic field
experienced by the molecule in the vicinity of protru-
sions on the rough metal substrate. Indeed, SERS has
been also reported for molecules adsorbed on metal is-
land films, 2¢» 4 colloidal particles, 3™+5 periodically
modulated metal surfaces, 2® and metal particles de-
posited on posts etched on an inert substrate, (%

The modified local electromagnetic field which leads
to the observed enhancement results from image, shape,
and plasmon resonance effects.’™ (The importance
of the image effect has been recently challenged by
model quantum-mechanical calculations.®) It is im-
portant to realize that such modification of the local
electromagnetic field implies that other optical proper-
ties of the adsorbed molecule should also be affected,
Indeed, enhanced light absorption? and luminescence®
were recently reported for molecules adsorbed on sur-
face island films, and the possibility of affecting the
yields of photochemical reactions on such surfaces was
investigated theoretically.® We should also keep in mind
that these effects are not expected to occur exclusively
on rough metal surfaces or on metal particles; some
ionic crystals and semiconductors are expected to pro-
vide very useful substrate materials in processes in-
volving incident radiation in the red and the infrared.®

In this paper we investigate the optical properties of
molecules adsorbed on or enclosed in dielectric par-
ticles. We focus on properties such as absorption
line shapes, lifetime, and quantum yields for emission
and for nonradiative energy transfer to the substrate.
Our model includes a single spheroidal dielectric par-
ticle characterized by its semimajor and semiminor
axes a and b, respectively, and by a given dielectric
function €(w), and a molecule (represented by a clas-
sical point dipole) situated at a given distance R from
the particle’s center (Fig. 1). Here a, b, and R are
assumed to be much smaller than the radiation wave-
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length. A similar model has been used in our recent
study of SERS. 3™

It is important to mention that the same optical
properties have been studied both theoretically and
experimentally for the case of a molecule adsorbed on
a planar, smooth surface,!® These studies are based
on Sommerfeld’s treatment of the antenna above a plane
problem.!! An extension of Sommerfeld’s work to the
antenna above a sphere case has also been given'®; how-
ever, the application to molecular optical properties has
not been carried out. As we shall see, the molecular
lifetime and the fluorescence yield of the excited mole-
cule depend strongly on the size and shape of the sub-
strate particle,

We should also mention the considerable amount of
work associated with Mie scattering of light by small
dielectric particles. 4 of particular interest to our
present problem is the recent work by Kerker and co-
workers'® on light scattering by molecules embedded in
small particles. While this work addresses mostly
properties associated with light scattering experiments
(e.g., angular distribution of the scattered radiation),
our present work focuses on spectroscopic properties
such as lifetimes for radiative or nonradiative rates
and yields for fluorescence emission. Furthermore,
we are interested mostly in molecules adsorbed outside
the dielectric particles, though some problems con-
cerning a molecule embedded inside such particles will
also be studied.

This research is aimed at providing a theoretical
understanding of recent observations of optical prop-
erties of molecules adsorbed on island films or rough
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FIG. 1. Geometry of the
spheroid—molecule system.
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surfaces. In addition to the experiments mentioned
above™® it is worthwhile to mention a recent observa-
tion of a marked deviation of the observed rate of
fluorescence of pyrazine adsorbed on silver from the
rate predicted on a smooth planar surface.® Qur re-
sults will also be applicable to molecules interacting
with dielectric particles in colloidal solutions or
embedded in inert solid matrices. Another potentially
useful experimental situation includes molecules ad-
sorbed on or enclosed in clusters formed in super-
sonic beams,

The present work describes two different approaches
to evaluating the optical properties of molecules ad-
sorbed on or embedded in dielectric particles. The
first approach, described in Sec. 1II, evaluates the
desired properties by considering appropriate boundary’
value problems for a system composed of the dielectric
particle and the molecular dipole. This approach is
particularly suitable for steady state properties, In
the second approach (Sec. III) we use an approximation
which enables us to derive a set of coupled equations
of motion for the molecular dipole and the particle’s
plasmons. This approach makes it possible to consider
transient phenomena. Furthermore, it can be easily
generalized to include saturation phenomena and quan-
tum mechanical effects.

In Sec, IV we present numerical results for the optical
properties evaluated in Secs, II and III for several in-
teresting models. Finally, in Sec. V we summarize
and discuss our results and outline the future direc-
tion of this work.?

il. SEMICLASSICAL STEADY STATE APPROACH

In this section we describe a semiclassical method for
obtaining the radiative and nonradiative decay rates
and quantum yield for a system consisting of a small
dielectric particle and a molecule. The molecule is
taken to be an oscillating point dipole characterized by
a dipole moment u, a polarizability o, and a resonant
frequency w. The dielectric particle is taken to be a
spheroid characterized by a size, a shape parameter,
and a complex dielectric constant. In all cases of
interest it will be assumed that the size of the system
is much less than the wavelength of light so that re-
tardation effects may be omitted, This permits the
problem to be attacked using an electrostatic approach,

Three problems will be addressed here. First, we
consider a spheroid without an additional molecule. !?
Second, we consider a spheroid with a molecule ex-
ternal to it, Finally, we study the case of a molecule
inside a spheroidal cavity in a dielectric medium., !8

Consider an isolated spheroid which has been excited
and is oscillating in some electromagnetic mode at fre-
quency w. For now we may regard this as a steady
state oscillation although ultimately we will make use
of the correspondence principle and take the energy in
the mode to be just Zw. The excited system will have
a fluctuating electric dipole moment and this will cause
electromagnetic radiation to be produced. This pro-
vides the channel for radiative decay. In addition,
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there can be expected to be fluctuating electric fields
throughout the volume of the particle. The Joule heating
caused by these fields opens nonradiative decay chan-
nels., By computing the power radiated electromagneti-
cally and dividing by the photon energy fiw we obtain an
expression for the radiative decay rate. Likewise,
dividing the Joule power by the photon energy gives an
expression for the nonradiative decay rate. It is pos-
sible to write simple expressions for the decay rates
for an arbitrarily shaped small particle in the semi-~
classical theory:

1

Ty =5 jo|E|zdr, . 1)
_ wS €_1 |2

T, =303 |f S Edr| (1. 2)

where I',, is the nonradiative decay rate and I, is the
radiative decay rate, ¢ is the conductivity of the par-
ticle, € is its dielectric constant, and E is the electric
field. Note that o ={w/47)Ime. If € is independent of
r within the spheroid, a simple inequality results from
applying the Schwartz inequality:

20'V [e-1 |2 472V T,
s 30C° | an Loy == 33 Im(e-l)‘I ’
(1. 3)

where V is the volume of the particle and A (=27nc/w) is
the wavelength of the radiation field is vacuum, From
Eq. (IL.3) it is clear that for very small particles the
radiative decay rate will be small and so the guantum
yield, defined as

T

Y:—-—L_—
T, +I, °

(1L 4)
will likewise be small. For particles which are of
intermediate size (e.g., V/x*~10-%), however, Eq.

(10. 3) does not impose a severe restriction, and rela-
tively high quantum yields may be obtained as we shall
see,

Returning to the case of a spheroid, let a be the
semimajor axis, b the semiminor axis, and define f
=(a® - b%)"/ 2 and £y=a/f. Though the general case may
be easily formulated, we shall restrict our attention to
the case where the spheroid has been excited in a di-
polar mode with the dipole oscillating parallel to the
major axis. This restriction is made partly in the
interest of simplicity and partly because that mode plays
a prominent role in other electromagnetic processes,
such as surface enbanced Raman scattering,*® The
resonance frequency of this mode is denoted by w,
and is given by

[Ree(w))] @ (&) = &Q1 (&) ,

where @,(%,) is a Legendre function of the second kind.
The radiative and nonradiative decay rates are

(II.5)

_4 fwf Y & ai(wj)Tl 6
r"e( c )(gof—l)[wgm’ Re[ by | 6
and
-1
rn,=21m<(w1)Re[9fai‘;ll)] . (11. 6b)
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Note that T, is independent of the size of the particle
in this limit. Its dependence on shape comes only
through the shape dependence of w, [see Eq. (II. 5)].
We call the approximation which leads to Eq. (II.6b)
the Drude approximation for reasons to become clear
in Sec. III. Equations (1. 4) and (I1.6) yield the fol-
lowing expression for the emission yield of the excited

spheroid:
9/ _Cy? g1 }
Y= {1+ ( 1f) Im(i)( £ )[Q:(io)] .
(I1. 7a)

In addition we also derive an expression for the ab-
sorption cross section*® for such a spheroid in an ex-
ternal electromagnetic field. The result is

_dmef? & L
%=~ 3c (& -DIQ (&) Im(€+21) !
where € = - £} (£)/Q(&).

The corresponding results for a sphere of radius a
are obtained by taking the limit £y - and f¢§y—a. The
nonradiative rate I',, remains, of course, as before
[Eq. (11.6b)]. The radiative rate, quantum yield, and
absorption cross sections become

(I1.8a)

_af @12)} 9ew,)] !
r, 4( 1 ) Re[——aw1 ] , (1. 6c)
1 ¢ 3 -1
Y- {1 +§(17w—1) Im[e(wl)]} , (IL. o)
and
o, ~~ 1—2%‘-3- Im[e(w) +2}* . (I1. 8b)

Note that the result (II, 8a) is the small sphere limit of
the general result by Mie.

From the above expressions it is apparent that the

radiative decay rate, the yield, and the absorption cross

section are sensitive to both the size (f) and shape (&)
of the spheroid as well as to its dielectric properties.

Next we turn our attention to the case of a molecule
near a spheroid. We focus on the case where the mole-
cule is located on a line extending from the major axis
and consider both the situation where the dipole is per-~
pendicular (1) to the surface and where it is parallel
() to it. The decay rates are computed as in the pre-
vious problem, but some complications do arise, First
of all, in computing the radiative decay rate, one must
take into account the total dipole moment of the system
and not just the molecular dipole. Secondly, the dipole
moment on the molecule is modified by the fact that the
local electric field can produce an additional induced
dipole, This leads to what may be called an image en-
hancement factor which turns out to be important only
when the molecule is very close to the surface of the
spheroid. At such distances the use of classical theory
and of idealizing the molecule as a point dipole are
somewhat questionable. Evidence from more accurate
quantum mechanical calculations® indicates that this
factor is considerably suppressed.

Let d denote the distance of the molecule from the
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apex of the spheroid and ¢, =(a +d)/f. The radiative
decay rate is obtained to be for the ! orientation

1-¢ EQQ'J,(E;)
e+€ Q%)

3 2
Pr(l)’: L 1%5 I

3ECo1-A()?

(11.9)
and for Il orientations

w®l gl 1-< PV (£)Q8M (&)
L0 =g - A(u)l’l 1+

€+€ (E-1Fef (Eo)
(11.10)

3

where

Al = af P (2 +1)(€ = DP,(E) Q&) Fl(e +€)Qu ()]

and
AN =a(2f)? Z (2n+ 1)1 - P, (&)

x[Qa(£)F [(€ +TMQa (&)™

InEq. (II. 10) P{" and @{" denote associated Legendre
functions of the first and second kind, respectively.
The transition moment of the bare molecule has been
denoted by u,. The quantities €, and G appearmg
above are defined by

L PRI ()

&= (8P () (. 11)
and

—y __ PP (E)QM (&) i)

P () @D (&)

The nonradiative decay rates due to energy transfer
to the spheroid are

|a

r,s=-

2 (g5 - 1T -1
Py(&) [Qi(t)?
3 s 0im( i ) . [S ]
(I.13)
and
r, ()= el
e\l T 47[?(&%—1)(&?-1;]1 - A
1)
x E n{n+1)(2n +1)Im (:%ﬁ) ?' '((EE:)
Q1 (g) 12
x[m] . (11.14)

Expressions for Eqs. (1I.9), (II.10), (II.13), and (II. 14)
in the limit where the spheroid degenerates to a sphere
are readily obtained.?* If the molecule is sufficiently
close to the sphere that it may be thought of as a plane,
these equations simplify further,* From the above
equations it is again obvious that the decay rates depend,
in a nontrivial way, on the size and shape of the particle
as well as on the distance of the molecule from the par-
ticle and their relative orientation. As we show below
(Sec. IV), these effects are substantial,

Our final problem consists of studying a molecule in-
side in a spheroidal cavity. Even though this problem
is not directly related to the others considered in this
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paper, we include it here because the radiative lifetime
of such a molecule can be easily evaluated by using the
methods employed here. The resulting expression for
the radiative decay rate may be used as a model for the
radiative behavior of a molecule in a dielectric medium.

The molecule is positioned along the major axis with
its dipole parallel to the axis., The medium outside the
cavity is allowed to have a complex dielectric constant
€; while the medium inside the cavity has a real di-
electric constant ¢;. We must restrict our attention
to real ¢ in order to have a finite amount of Joule heat-
ing. A problem of interpretation arises in the case
where ¢; is complex. Strictly speaking, we cannot have
radiation at infinity if the outer medium is absorbing.
One must then regard the radiation as a mechanism
for producing long range energy deposition whereas the
nonradiative processes produce short range energy
deposition.

Local fields can again induce additional dipole mo-
ments on the molecule. We find the following expres-
sion for the radiative decay rate:

™ @n +1)[P’(p,)F
Ly, = A 1)t1 Al® Z P,,(EO)P,,'(-EO;

Im (————1—) , (I1.15)
€ +€ &,

where
A==a Y (2n+1)e —€;) Po(@y) Pa(01) QA &)

X [€o€1f*Pal£)(& +€; /)]

and ¢, = £, or n,, depending on whether (Z{>for (Z[</f.
The radiative decay rate is given by

1
—€1+€1/€D

Wl gl V21 pol?
’ 3»703(&.,-1)2[@1(50)]‘11 INK

r,=

(iI. 16)

The nonradiative rate is a complicated function of the
shape of the cavity. To the extent that the factor A
may be neglected in Eq. (II. 16), the radiative rate is
independent of both the size of the cavity and the mole-
cule’s location along the axis.

Note that the dependence of I', on g, is different from
what is obtained for a molecule embedded in a con-
tinuous dielectric medium (T,~ V). It should be in-
teresting to compare these results to the actual ob-
served radiative behavior of molecules in dielectric
media.

{1i. TIME DEPENDENT APPROACH

The calculations described in Sec. II are useful for the
evaluation of many optical properties of molecules inter-
acting with small dielectric particles. In this section
we describe an alternative approach which considers the
system as composed of the molecular dipole and the
particle’s plasmons and provides the Hamiltonian and the
equations of motion for this system in the presence of
the incident radiation field, Even though this is achieved
at the price of additional approximations, the result is

highly useful because it enables us to consider the non-
stationary processes and is also easily extended to quan-
tum mechanical systems. This approach has been re-
cently used to consider the feasibility of enhancing photo-
chemical reactions on rough surfaces.®

In what follows we shall limit ourselves to the case of
a molecule (polarizable point dipole) lying outside (a
distance R from the center of) a small dielectric sphere
of radium a (2 <R) and dielectric function e{w) = ¢ (w)
+i€y(w). All distances are taken to be much smaller
than the wavelength of light.

Our procedure relies on a model of an “ideal particle”
which is defined as a particle for which each plasmon
resonance is associated with an independent harmonic
plasmon mode, For a sphere this implies the sphere
plasmon Hamiltonian

© 1
Hy=0_ 2 fiw b bym (m. 1)
120 m==]

and the equations of motion for the plasmon amplitudes
by b, are

. i 8H x _i BH,
bin==5 gk, * Y% @, (. 2)

where «,; are the plasmon resonance frequencies and
7 is the Planck constant, We have deliberately chosen
a representation which may be straightforwardly
quantized.

The amplitude b,,, and its complex conjugate bf,,,
represent the degree of excitation of the /, m plasmon.
Their physical significance is shown from the following
result for the (uncharged) sphere potential

¢ (7': 9 ¢) 2 E [Glm('r’ 9 q))blm +G (7: 9 ¢)blm] b

121 m=al

(Im. 3)

where (7, 6, ¢) is the point where the potential is mea-
sured relative to the sphere center as an origin and
where

=l >
e /aytt, r>a,

1/2
Gtm('r; 9, Q‘))‘_‘[M] YXm(ax ‘1’) ('r/a)’ , r<a.

(I11.4)

If a point dipole u is located on the z axis at a point
r =R, 8=¢ =0 outside the sphere, the Hamiltonian con-
tains a term corresponding to the sphere~dipole in-
teraction. This is

8¢ Ky {80, ) .
‘ = - . =l = — 2x
Hﬂ o Es H V‘Ps p"( S )R,0.0 + R ( 96 R,0,0 »

(Im1. 5)

where we have taken the dipole to lie in the zx plane,

i and u, being its components in the x and z directions,
respectively. Using Eqs. (IIL.3)-(II.5) together with
some elementary properties of spherical harmonics, we
obtain
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1/2 1+2
Hy =~ py Z['ﬁ—fll:::()(f’!_—ll)tl—)i] (%) (byo +B%)

1)@ +1)]/2

)"

The Hamiltonian also contains a term describing the
interaction between the sphere and the external (homo-
geneous in our limit) radiation field. This is given by

(I1.6)

Hyg=—ps"E=— o, E - gy B, - po By (111, 7)

where E,, E,, and E, are the components of the electric
field amplitude and where u, is the dipole moment of the
dielectric sphere. The latter may be obtained in terms
of the plasmon amplitudes by comparing the potential

of the far field of the sphere inferred from Eqs. (III.3)
and (III.4) with the potential associated with a point
dipole @ (r, 6, ¢) = (i1, COSE + g, SiNG COSP + iy, SiNG SiNg)/
r3. We get

Mse =K(blo +b‘1'0) ’

K
Hex == 75 (byy +b31 - by,-1—b51) (111. 8)
iK
Hey == 75 (byy ~b¥,1 +by,.1 ~b1o1)
where
35ad Y2
K= 57— . .9
[5'1 (w1)] (L. 9)

w, is the dipolar plasmon resonance frequency [el(wl)
=—2]. Inserting Eq. (III.8) into Eq. (III.7), we get
the final form of the sphere-radiation field interaction
Hamiltonian

1 .
HSE =K [— E, blO +_‘/=2=' (Ex +1Ey) bu

1
_rz(Ex—'iEy) bl,-l +C.C.] N (IH- 10)

where c.c. denotes complex conjugate.

The Hamiltonian terms derived so far have to be
supplemented by the Hamiltonian of the molecule which
is modeled as an oscillating dipole u which is a function
of an intramolecular coordinate p:

M ey
Hd=-§[p]+V(p), (Im. 11)
where m is the associated mass and V(p) is, the cor-

responding potential. We also need to know the rela-
tion between u and p:

w=ulp) . (I11. 12)

Finally, the interaction between the molecular dipole
and the incident radiation field is given by

Hyp=-u(p):E. {1, 13)

With this we have completed the derivation of the
Hamiltonian for the molecule—sphere system in the
presence of the incident radiation field. It is given by

1143

(IIL. 14)

where the different contributions to the rhs are given
by Egs. (OI.1), (II.11), (If.6), (@I.10), and (III.13).

The equations of motion for the plasmon amplitudes
and for the molecular dipole are obtained from

H=H,+Hy +Hy +Hqp +Hyg ,

-
bim =2 __,._ab’:' - U, (1. 15a)
n
. i O8H
bl*m = ;_l— 8bl - ZZL blm H (III. 15b)
m
and
.- 1 BV(p) ) M _ l_ i
Pt om Top +T p=- 8p(H,,,+H,u,), (I11. 16)

where we have introduced phenomenological terms
corresponding to damping of the plasmons and the
molecular motion. v, is given by

_o Glwy)
% =2 €ll(w') s

and T =T +TY is the total decay rate (radiative

and nonradiative) associated with the free molecule.
Note that 3, =T'}®>, where I'}®’ is defined by Eq. (II.6b).2°
The derivative with respect to p in Eq. (III. 16) is taken
using a given functional form u(p) [Eq. (I11.12)].

(I1. 17)

The system of equations (III.12)-(III. 15) can be
simplified if (as is usually the case) the I>1 plasmon
modes are not coupled to the radiation field; their only
way to be excited is by energy transfer from the mole-
cule. Also, since y, are quite large (see Table I, the
by, (I>1) amplitudes remain small, and back transfer
of energy from these modes to the molecule is negligible.
Under these circumstances we disregard the {>1 modes
and represent their effect on the molecular motion as a
dissipation channel, replacing I'Y? by

=0 .17

nrys *

(Im1. 18)

I, s is the additional decay rate of the molecule due

to its coupling with the /> 1 sphere plasmons.?' It de-
pends on the molecular orientation relative to the
sphere. If 6 is the angle between the molecular dipole
and the z (sphere center-molecule) axis and if I'j, (1)
and I';, (Il correspond to #=0 and 8 =7/2, respectively,
we have

T}, =Th, o (L) cos?g + T2, (1) sin?6 . (I11. 19)

There is also a corresponding frequency shift which
can be usually neglected in cases where the present
classical theory is valid.

Under these conditions the equation for the molecular
motion becomes

w. 1 8V(p) . 1[8y [/2V2
Pt ap +I"p—m 8p< RS KB°+E')
(L s (II1. 20)
ap R3 x H .
where

1
=75 (bio +B%) (m.gla)
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TABLE I. Some characteristic numbers for silver, gold, and copper particles.
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w; is the resonance

frequency of the dipolar sphere (or spheroid in the direction of the long axis) plasmon; w, is the reson-
ance frequency of the 7 =2 sphere plasmon; I'j, (=7) is the radiationless damping rate of the dipolar
plasmon; ¥, is the same for the =2 plasmon; T is the radiative decay rate of the dipolar plasmon;

I‘"m ¢ and I“;' ¢ are the nonradiative (due to energy transfer to the particle) and radiative lifetime of an
excited molecule, respectively, in the normal configuration a given distance (8 A here) from the particle
surface. In the case of a spheroid the molecule is placed along the long axis. The spheroid is charac-

terized by an aspect ratio a/b =1, 75.

wy wy Lp=% Y2 ry Thy,s (8 A) I}, (8 )
{em™)  (em™) (cm™) {em™) {em™  (em™ {em™)
Ag (sphere) 28230 28890 761 904 239 22,4 0.081
Ag (spheroid) 25500 oo 504 see 721 35.6 14,2
Au (sphere) 20690 26700 15910 52 950 129 161, 0 0.022
Au (spheroid) 18 900 X 2313 soe 107
Cu (sphere) 27300 30250 44030 53680 664 155 0.024
Cu (spheroid) 22700 XX 23130 ses 773
and appear as Drude oscillators located at the center of the
8= 7 b +8h =0y -8h0) (m.tp)  SPhere nd characterized by the resonance frequency

Equations (III. 15a) and (II. 15b) for the motion of the
1 =1 modes may be combined to give

. . V2 2
BO"'(“’%"'%)BO*'YIBO:——%{{""I(EQ— /“Ll'*"Et) s

(II. 22a)
. « 2K 1
»31*‘(‘0?*'%)!31'*7151:;‘—— w1 (l? P-x"E)-

(I11. 22b)

Equations (ITI. 20) and (IIL. 22) together with Eqs.
(I11. 12) and (fiI. 17)-(III. 19) constitute our final set of
equations for the coupled motions of the molecular di-
pole and the dipolar modes of the sphere in the presence
of the incident radiation field (represented by its time
dependent electric field components). The following
points should be noted:

(a) A more transparent form for these equations is
obtained by making use of Eqs. (IH.8) in the form

e =VZKRy , per=—KBr . (Im. 23)
Using also Eq. (II1.9), we get

o 2]
ps L 2W0) p; =L["a%

2
m ap m }—2'8' Hse +Et)

9 1
+ —a‘i& (- 7 /.1,3,+E,>], (II1. 24)

13 ° 2
Hse t+ (“’% + 25) Hee +71 p'st:wﬁ as(R'_s Mg +E,> s
(1. 25)
" o 1
Hsx + (“’? + ?) Hex + 7 I"'sxzwi (e (" }_25 My +Ex> ’
(111. 26)
where
3
8a (TI1. 27)

@ = wld(wx) )

In Eqs. (III. 24)-(III. 26) the dipolar sphere plasmons

a static polarizability a,.

(b) The apparent static polarizability o, [Eq. (1. 27)]
of the sphere should not be confused with the true
static polarizability given by {[€(0) —1]/[€(0) +2]}a®.
a, is the polarizability which appears in the Drude ap-
proximation [Eqs. (III.25) and (III.26)] for the motion of
the dipolar sphere plasmons in the vicinity of w=w,.

(c) The form (III. 24) of the molecular equation is
useful when multiphoton excitation of the nuclear motion
is considered.® In the case of a weak field excitation
of a two level system (e.g., electronic transition in
atoms) the harmonic limit of Eq. (II.24) is valid.
Putting V(p) =3mw?e?, 8u,/8p=ecos6, and du,/8p
=e sind, and introducing the radiative decay rate of the
free molecule in vacuum

2 e [fw\®
rn_2 = (__ .
I c) , (L. 28)
we may rewrite Eq. (III. 24) in the form
w e g 2
ptrwu+Tlu=0a ol Use +E, }CcOSE
1 .
+<— I p,,+E,) sm@], (I11. 29)
where
) 3
a=3 LD (c—) . (1I1. 30)
2 w W

In this form the molecule is represented as a Drude
oscillator characterized by a frequency w, damping
T'(6), and polarizability a.

We end this section by considering some simple ap-
plications of the time dependent formalism. More ap-
plications are described in Ref. 9.

A. Absorption line shape by a sphere

The Drude equation for the sphere dipolar plasmon in
the absence of a molecule
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ﬁs+(w§+§) Ls+7 by =0l a, E (II1. 81)
implies® the following absorption cross section:
o“(w)=1r—a—!"-(w§+fl-) ———ﬁ—?— . (111. 32)
c 4 )2 1
w/ + Z‘

(‘01 -

This can be compared to the exact result [Eq. (II.8b)]
as a check on the quality of the Drude approximation for
the motion of the sphere plasmon, We present this
comparison in Sec, IV. :

B. Radiative lifetime of the sphere

As Eq. (III.31) indicates, the sphere dipolar plasmon
behaves in the Drude approximation as a dipole of
polarizability a,. Equation (III. 30) then implies that its
radiative decay rate is (assuming y; < ;)

@ 3
, r:n:%wl(?‘) a , (I11. 33)
and using Eq. (III.27) we get
4 wa\®
re = (—3— I11. 34
# =gy (2 ) : (L. 34)

in agreement with Eq. (fI. 6c), which was obtained in
the steady state approach.

C. The apparent yield

The expressions for the emission yield of an excited
molecule near a dielectric spheroid [T, /(T, +T,,),
where T', and T, are given by Egs. (II.9) and (II. 10)
or (I1.13) and (II. 14), respectively] are rarely mea-
sured for adsorbed molecules. More often the emission
intensity is monitored for a fixed incident intensity while
some characteristics of the system (e.g., molecule—
surface distance or surface structure) are varied.®
This observed emission intensity is not normalized by
the energy adsorbed and we therefore call it the ap-
parent quantum yield. In what follows we calculate the
apparent quantum yield for the case of a molecule near
a sphere in the normal configuration, Let w, be the
incident frequency, w, the molecular resonance fre-
quency in absorption, and w, the molecular emission
frequency. The dipole induced on the molecule is given
by

aFE;,

PR g Sy (Ii1. 35)

u =
where E,,, is the local electric field amplitude. If the
local field resulting from the molecule image is dis-
regarded, we have

E1°c=[1 vz So-1 ( %)S]Em.

o) +2 (1. 36)

Here the incident field amplitude E,,, as well as E,,,
refer to the corresponding z components. To evaluate
the emission intensity, the dipole amplitude in Eq.
(. 35) is taken to oscillate with frequency w,. The
total dipole of this frequency induced in the system is

Bior = [1 +2 5&’-")—_—1-(2-)3] T

€, 72 \ B (1. 37)
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The emission intensity is proportional to | ue,|%. We
get

_ €lwy) =1 fa\®

Y‘“’_‘1+2 €(wy) +1 (R)
(@ — WP + A T2

AT

2 ‘2

12 S22 ()

(Im. 38)

or, for wy=w,,

o ()]

Y”p - E(wb) +2 I_Z

32 H\ 2
X 1 +2 S.(gﬂ)__l g. ( r_._) ,
elw,)+2 \ R r
where we have normalized Y,, to be unity for the free
molecule., The extension of this result to nonnormal

configurations and for a spheroidal substrate is straight-
forward.

(I11. 39)

IV. RESULTS AND DISCUSSION

In Sec. II we have studied three problems involving
a spheroidally shaped dielectric particle and expres-
sions for the radiative and nonradiative cross sections
and quantum yields have been derived. The three prob-
lems of interest consisted of an isolated spheroid, a
molecule near a spheroid, and a molecule inside a
spheroidal cavity. In addition, formulas were ob-
tained for the limit where the spheroid degenerates to
a sphere. The validity of the formalism used has been
verified by performing similar calculations for a mole-
cule near a plane surface and comparing the results to
those available in the literature.!® For the small sphere
case we also derived in Sec. III approximate equations
of motion for the molecule -plasmon system. Aside
from the intrinsic interest in the behavior of small
particles, spheroids are of interest because they model,
in a crude way, the surface roughness features of
moderately rough surfaces. Thus, the formulas derived
have some validity when discussing the optical prop-
erties of rough dielectric (or metal) surfaces with or
without adsorbed molecules.

Let us start by presenting some results pertaining to
the isolated spheroid. Our result for the radiationless
decay rate of the isolated spheroid stems from what we
called the Drude approximation, which essentially
consists of viewing each plasmon mode as an indepen-
dent damped harmonic oscillator, with a frequency in-
dependent damping coefficient. For our procedure to
be valid, the particle’s plasmons have to be well sep-
arated in frequency relative to their damping width [in
addition to the requirement that®® €,(w,) < €/ (w,)]. Table
I shows that for the I =1, 2 plasmons this is satisfied
reasonably well for silver, only very roughly for gold,
and not at all for copper. In Fig. 2 we compare the
absorption line shapes calculated for spheres of silver
and copper using the exact expression and the Breit-
Wigner form. We see that for Ag the approximation is
good, while it fails for Cu, Obviously, for higher [
plasmons the overlap is large and they can no longer be
viewed as independent oscillators in any real dielectric,
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APPROXIMATE
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22000 27350 32700
Y (em™1)

FIG. 2. Comparison of approximate and exact absorption line
shapes as a function of wave number for Cu and Ag.

In Table I we present some numerical values for
radiative and nonradiative rates associated with Ag,
Cu, and Au spheroids. From the above discussion it is
clear that the numbers for I'{® presented for Cu should
not be taken too seriously. We see that even the rela-
tively long-lived dipolar plasmon in Ag has a lifetime
of only about 10~ sec.

In Fig. 3 we plot the ratio of the emission yield of a
resonantly excited spheroid divided by the corresponding
yield of a sphere of the same volume, as a function of
the aspect ratio a/b. This ratio is independent of the
dielectric properties of the particle as long as

9 c \} p—1
E (——w,_f) Im(e) Eago [Ql(go)]z>>1 ’ ’ v.1)
as may be seen from Eq. (I1.7). Since we have assumed
that A> f in order to neglect retardation effects, this
criterion will be met. Thus, the ratio of the yields is
simply

Yomesia _1[80{G) _,1°
Yosuere 9[ QI(EO) 1] ° (v.2)

We see that this ratio grows rapidly with changing as-
pect ratio. This has to do with the fact that sharp ob-
jects (i.e., objects with the high a/b ratios) become
good radiators, as they are able to dévelop sizeable
dipoles [see Eq. (I.22)]. The nonradiative rate, how-
ever, is not terribly sensitive to the shape factor [see
Eq. (II.6)], its variation coming about due to the shift
of the resonance frequency and the associated change
in the real and imaginary parts of the dielectric con-
stant.

In Fig. 4 a plot of the absorption cross section versus
photon energy is given for silver spheroids of fixed
volume and various aspect ratios. The volume is taken
to correspond to that of a 200 A radius sphere, The
absorption cross section is given by Eq. (II.8). We
note that each curve is characterized by a sharp reso-
nance at the plasmon frequency and corresponds to
fiw=2.8, 3.0, and 3.5 eV for a/b =3, 2, and 1, re-
spectively. We note that the plasmon resonance shifts
towards lower energies, as the aspect ratio of the
spheroid increases, as is expected. The absorption
cross section is seen to be rather large on resonance,
with typical magnitudes of 10%a2. The cross section
at resonance is stronger for sharply peaked structures
(larger aspect ratios) than for spherically shaped ob-

100 - T T T T

d 41

T
1

W<l
=

T T T TTI1T
Lot 141

1 T S | L
1 2 3 4 5 6 7
asb

FIG. 3. Yield for a spheroid divided by the yield for a sphere
as a function of the aspect ratio of the spheroid a/b.
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FIG. 4. Absorption cross section, in units of a3, as a function
of photon energy Fw for three silver spheroids of aspect ratios
a/b=1, 2, and 3.

jects. This behavior is expected from the functional
form of Eq. (II.8) and is a manifestation of the light-
ning rod effect—a concentration of electric field strength
in and around a sharp object, which imples a strong
Ohmic heating effect for such an object.

In Fig, 5 the generalized (frequency dependent)
yield is plotted as a function of photon energy for
silver spheroids that are not resonant with the incident
photon. In this case the yield is independent of the
aspect ratio but does depend on the volume. Curves
(A), (B), and (C) are for columes equal to that of a
sphere of radius 500, 200, and 100 f*., respectively,
The structure that appears is due to the optical prop-
erties of Ag. The basic trend is that larger objects
have larger yields, This trend is consistent with the
inequality of Eq. (II.3) which holds for an arbitrary
shape. It reflects the fact that while the nonradiative
power dissipation is proportional to the volume of the
particle, the radiative power is proportional to its
square. This causes a rise of yield with increasing
volume according to Eq. (II.4).

Let us now turn our attention to the case of a mole-
cule near a spheroid. The calculations are performed
for a silver particle with a typical organic dye mole-
cule characterized by a resonant frequency w, =25 600

1.0~ A

FIG. 5. Yields for silver

pe spheroids as a function of pho-
ton energy kw. Graphs (A), (B),
and (C) correspond to particles
whose volumes correspond to
spheres of 500, 200, and 1004
radius, respectively,

1 2 3 4
fw (eV)
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FIG. 6. Ratio of yield for a molecule near a gpheroid to a
molecule near a plane as a function of molecule—solid distance
d. Curve (A) corresponds to a silver sphere with a normal

(1) dipole. Curves (B) and (C) correspond to a resonant spheroid
with a/b =1, 75 for parallel (Il) and normal (L) dipoles. Curves
(D) and (E) correspond to a nonresonant spheroid with a/b =3. 00
for normal (1) and parallel (ll) dipoles

cm™! (3.17 eV), a radiative decay rate I'/ =4,3x 10° Hz,
and a quantum yield of unity. In Fig. 6 we plot the yield
of the system divided by the corresponding yield that
would be obtained if the spheroid were replaced by a
plane, This ratio is plotted as a function of molecule-
spheroid separation (along the direction of the major
axis). This corresponds to a transition moment of
=7.102ea,. The volume of the spheroid is taken to be
equal to that of a sphere with a radius of 200 A. As
mentioned earlier, the resonant frequency of a spheroid
changes as the shape parameter (aspect ratio) is varied.
A silver sphere has its resonant frequency [correspond -
ing to Re(e) =—2] at #w =3.5 eV. For the above mole-
cular resonance frequency the spheroid has a similar
resonance frequency when ¢/b=1.75. At this frequency
€=-3.93 +7.192, so the particle has a relatively small
absorptivity. Some characteristic numbers for the
radiative and nonradiative decay rates of the model
molecule at a distance of 8 A from the particle surface
are given in Table I. In Fig. 6 we present results
where the dipole is either perpendicular (L) or parallel
(1) to the surface. Curve (A) is for a sphere with the
dipole perpendicular to the surface. At small or large
molecule—surface separations the yields of the particle
near a sphere or a plane are comparable. At intermedi-
ate separations (~ 100 A) the sphere has a much lower
yield. This may be seen by examining Eq. (II.9) for the
radiative decay rate, where the possibility for destruc-
tive interference between the molecular dipole and the
spheroid’s dipole can yield a small argument whose

J. Gersten and A. Nitzan: Mblecules on small dielectric particles

absolute square is to be taken. Curves (B) and (C)
illustrate the emission yield ratio in the case of a reson-
ant spheroid (a/b =1.75) in the parallel and perpendicu-
lar configurations, respectively.

In curve (C) we see that for the same aspect ratio
(a/b =1,75) the perpendicular configuration yield ratio is
on the order of magnitudes larger than for a sphere.
The destructive interference still takes place but now
the yield ratio at small d is more than an order of
magnitude larger than for a sphere. This is due to the
high efficiency for radiating for a sharp object (which
exceeds the increased efficiency for nonradiative de-
cay). Finally, curves (D) and (E) are for a nonresonant
spheroid (a/b=3) in the L and Il configurations, respec-
tively. In the case of curve (E) we see evidence for
both constructive and destructive interference of the
dipoles.

In Fig. 7 the ratio of the radiative decay rates for a
molecule near a spheroid I', , to a molecule near a
plane I', , is given. Here the dipole is perpendicular to
the particle. In curve (A) the particle is a sphere, in
curve (B) it has an aspect ratio 1.75, and in curve (C)
it has an aspect ratio 3.0. The enhanced radiative
decay at resonance is again evident. In the case of
curve (A), the sphere resonance (¢ =- 2) and plane
resonance (e =~1) are now sufficiently close that the
destructive interference effect is not very strong (al-
though it was stronger in the case of Fig. 6, where the
nonradiative decay rates also played a role).

101

0.01 L
1 10

a i 1000
FIG. 7. Ratio of the radiative decay rate for a molecule near
a spheroid to the corresponding rate for a molecule near a
plane as a function of the molecule—solid distance d. Curve (A)
is for a sphere, curve (B) is for a resonant spheroid, with
a/b=1,75, and curve (C) is for a nonresonant spheroid, with
a/b=3.00.
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FIG. 8. Ratio of the nonradiative decay rate for a molecule
near a spheroid to that of a molecule near a plane as a function
of the molecule—solid distance d. The labels are the same as
in Fig. 5.

Figure 8 displays the corresponding ratios of the
nonradiative decay rates for a molecule near a spheroid
T,,, . to that of a molecule near a plane I',, , as a func-
tion of molecule-solid separation., Again we restrict
our attention to the perpendicular configuration, Curve
(A) is for a sphere, curve (B) is for a/b=1.75, and
curve (C) is for a/b=3. We note that in the case of a
sphere the radiationless decay rate is comparable to
that on a plane for distances out to several hundred A
and then the sphere rate falls down relative to the plane
rate. For the spheroids, however, there is a peak of
two orders of magnitude in the ratio before the falloff
sets in, The peak is due to the lightning rod effect.

At separations much smaller than the scale which de-
termines the particle shape, this shape does not ap-
preciably affect the Ohmic heating. At intermediate dis-
tances, however, a sharp curvature of the surface acts
to concentrate the electric field lines, thereby enhancing
the Ohmic heating. At large separations (fewx 10° &)
the plane simply presents more solid to the confronting
molecule than does the finite spheroid, and the ratio
falls off again.

In Fig. 9 the absolute yield for a molecule near a
spheroid is given for the perpendicular configuration.
Curve {A) is for a sphere, curve (B) is for an aspect
ratio of 1.75, and curve (C) is for a/b=3.0. The reson-
ant enhancement of the yield for a/b =1.75 is apparent.

In Fig. 10 we present the total decay rate as a func-
tion of d for a molecule near a silver sphere (A), near
a resonant spheroid (B), and near anonresonant spheroid
(C) for a normal configuration. In all cases the decay is

1.0 T T

0.01}

0.001 1

FIG. 9. Yield for a molecule
near a silver spheroid as a func-
tion of the molecule— spheroid
separation d. Curve (A) is for

a sphere, curve (B) is for a
resonant spheroid with a/b
=1.75, and curve (C) is for a
nonresonant spheroid with a/b
=3.0,

1 10 100

d (A)

1000
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FIG. 10. The total decay rate for a molecule with its dipole
perpendicular to the Ag spheroid as a function of molecule—
spheroid separation. Curve (A) is for a/b=1.0, (B) is for a/b
=1,75 (resonant), and (C) is for a/b=3.0.

1
- 100

seen to fall off rapidly with distance. In the case of
spheroids we see that a two order of magnitude in-
crease in the total decay is possible at intermediate
separations (30-300 A). This may be attributed to both
a lightning rod effect, as in curve (C), and a plasma
resonance effect, as is curve (B). At small distances
the total decay is dominated by the nonradiative de-

cay while at large distances it is the radiative decay
that dominates. The dip in the total decay rate for the
sphere case (A) is traced to the destructive interference
in the radiative rate between spheroid and molecule
emission,

Let us try to understand the qualitative differences that
exist between the case of a molecule near a spheroid and
the case of a molecule near a plane. First consider the
nonradiative decay. There are two competing effects
present. For a fixed distance between the molecule and
the object, the molecule “sees” more of the plane than
the spheroid. (We could always imagine carving out
a spheroidal shape from the half-space behind the sur-
face plane.) This would favor dominance of the non-
radiative decay for a plane over that of a spheroid.

Such behavior is observed at large separations. An-

J. Gersten and A. Nitzan: Molecules on small dielectric particles

other effect which must be considered, however, is
the tendency for a sharp feature of the surface to con-
centrate electric field lines (the lightning rod effect).
This effect is most pronounced when the source (the
molecular dipole) is close to the apex of the spheroid.
It causes the spheroidal case to dominate over the
planar case when the molecule is close to the surface,
as far as nonradiative decay is concerned.

In the case of radiative decay one knows that the sys-
tem dipole remains finite as the molecule approaches
a plane. The system dipole consists of the molecular
dipole and the image dipole—which is independent of
molecule -surface separation. On the other hand, the
system dipole for a molecule near a spheroid grows
rather intense due to the large amount of charge separa-
tion that occurs in the spheroid.

Finally, let’s turn our attention to the quantum yield
for a molecule near a sphere. In Fig. 11 we plot the
ratio of the real quantum yield ¥ and apparent quantum
yield Y, as a function of radius for a silver sphere.
The molecule is held fixed at a distance of 16 A from
the surface of the sphere. In these calculations we
assume that nonradiative processes can quench the
excited state of the molecule even for the molecule far
from the surface. The “free” quantum yield is taken
to be Y¥' =0,005. For comparison’s sake we plot ¥/
YY" as curve (A) and Y,,, /YY) as curve (B). In these
calculations we expect the small sphere theory to break
down when the size of the sphere exceeds ~ /20~ 250 A.
For larger sphere sizes one expects a reduction of the
above yield ratios. Indeed, in the limit of a molecule
near a plane one expects Y and Y, to be less than Y'/,
The expected behavior is indicated by dashed lines in

20t

0 0 80 160 240 320

a(A)
FIG. 11. Ratio of real yield to “free” molecule yield [Y/Y",
curve (A)] and apparent yield to free molecule yield [¥,;/ Ygl),,
curve (B)], as a function of sphere radius a. The molecule is
held fixed at d=16 A from the surface. The dashed curves in-

dicate the expected large sphere theory behavior.
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d (x) 128 512
FIG. 12. Yield ratios as in Fig. 11, but plotted as a function
of molecule—surface distance d. Curves (A) and (B) are ¥/¥?’
and Y.W/Y:g for Y =1, respectively; curves (C) and (D) are
Y/Y"Y) and ¥, /YY) for ¥'#'=0,005, respectively. The sphere
is taken to be fixed in radius at 200 & and is made of silver,

2 8 32

Fig. 11. Such a behavior has in fact been observed by
Glass et al.®® (It should be noted that the observations
reported by these authors correspond to Y., rather
than v.)

In Fig. 12 a plot is made of the real and apparent
yield ratios ¥/YY and Y, /YY) versus distance of the
molecule from the sphere d. The sphere size is held
fixed at a =200 A. Two cases are shown for each ratio.
In one case [{A), (B)] we take the free yield to be unity
and plot Y/Y"" [labeled (A)] and Y, /YY) [label (B)].

In the second case [(C), (D)] we chose Y%’ =0.005 and
plot Y/Y [labeled (C)] and Y, /Y{) [labeled (D)]. We
see that the yield ratios are dependent on the size of
YU).

V. CONCLUSIONS

We have studied the radiative and nonradiative life-
times and the corresponding emission yields associated
with small dielectric spheroidal grains and with mole-
cules located outside and inside such grains, We have
limited ourselves to distances and dimensions much
smaller than the radiation wavelength whereupon re-
tardation effects were neglected. We have seen that
the radiationless and radiative lifetimes of a molecule
interacting with such dielectric particles are substantial -
ly different than those of free molecules or of mole-
cules placed near plane surfaces.

Our models are relevant to small dielectric particles
formed in dilute colloidal solutions or in island films
embedded in solid matrices or generated in supersonic
beams. In addition, these models contain part of the
physics which underlies the behavior of rough dielectric
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surfaces and of molecules adsorbed on such a surface.
Missing are the effect of the underlying dielectric bulk
and the effect of interactions between dielectric particles
(the latter should be taken into account also in treatments
of the small particle systems listed above, at higher
particle concentrations). These effects will be studied
in future work. Another related problem of interest
concerns the possibility of observing superradiant emis-
sion from a distribution of molecules embedded in such
grains. A grain containing many excited molecules con-
stitutes an excited system whose dimensions are

smaller than the radiation wavelength for which the
superradiance effect was predicted. 2?2 However, the
occurrence of superradiance depends on the competition
between the emission and between internal dephasing
effects. The recent observation by Fork and Taylor 2

of unexpectedly short radiative lifetimes in grains

of some Eu® salts may be related to this phenomenon,

The peculiar optical behavior of small dielectric
particles has been recently a subject of intensive re-
search effort. We see that special effects are en-
countered only for molecules interacting with such par-
ticles. Experiments pertaining to the optical behavior
of such molecules and of molecules adsorbed on rough
surfaces are highly desirable.
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