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Inelastic effects in electron tunneling through water layers
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School of Chemistry, Tel Aviv University, Tel Aviv, 69978, Israel

~Received 8 March 2001; accepted 15 May 2001!

Calculations of tunneling matrix elements associated with electron transfer through molecular
environments are usually done for given frozen nuclear configurations, with the underlying
assumption being that nuclear motions are slow relative to the time scale of a tunneling event. This
paper examines this issue for the case of electron tunneling through water. The motivation for this
study is a recent calculation@Peskinet al., J. Chem. Phys.111, 7558 ~1999!# that indicates that
electron tunneling through water may be enhanced by tunneling resonances in the range of;1 eV
below the vacuum barrier, and finds that the lifetimes of such resonances are in the 10 fs range,
same order as OH stretch periods. Our calculation is based on the absorbing-boundary-
conditions-Green’s-function~ABCGF! method and proceeds in two steps. First we consider the
effect of a single symmetric OH-stretch mode on electron tunneling in an otherwise frozen water
environment, and establish that the inelastic tunneling probability is small enough to justify an
approach based on perturbation theory limited to single phonon transitions. Next we note that on the
short time scale of a tunneling event, even under resonance conditions, water nuclear dynamics may
be represented in the instantaneous normal modes picture. We generalize the ABCGF method to take
into account low order inelastic scattering from a continuum of such harmonic normal modes. We
find that near resonance the total inelastic transmission probability is of the same order as the elastic
one, and may lead to an additional;20–40% enhancement of the overall transmission in the range
of up to 1 eV below the vacuum barrier. The absolute energy exchange is small, of the order of 1%
of the incident electron energy. Surprisingly, we find that the main contribution to the inelastic
transmission is associated with energy transfer into the rotational–librational range of the water
instantaneous normal mode spectrum. ©2001 American Institute of Physics.
@DOI: 10.1063/1.1383991#
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I. INTRODUCTION

Electron tunneling through water is an important e
ment in all electron transfer processes involving hydra
solutes, and in many processes that occur in water ba
electrochemistry. In the standard theory of electr
transfer1–3 the main role played by the solvent is to affe
energy matching between donor and acceptor levels by t
mal fluctuations. Continuum dielectric theory provides a r
sonable description of this effect; however, it obviously ca
not describe the effect of solvent structure on the electro
coupling itself. In a recent series of articles4–11 ~see also Ref.
12! we have addressed the problem using a molecular l
description of the water environment: Water layer structu
were sampled from equilibrium molecular dynamics~MD!
simulations, and the electron transmission properties of th
structures were analyzed numerically using a suita
pseudopotential to describe the electron–water interac
and applying the absorbing boundary condition Green fu
tion method to compute electron transmission probabilit
This numerical approach has yielded a comprehensive
ture of the interplay between the electron transmission pr
abilities and the corresponding water structure. In particu
these studies have indicated that one possible source for
ering the effective barrier to tunneling in water is the po
sible involvement of transient water structures that supp
resonance tunneling. It was found that such resonances
within ;1 eV below the bare vacuum barrier, and it w
2680021-9606/2001/115(6)/2681/14/$18.00
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possible to correlate these resonances with particular w
nanostructures. Furthermore, the lifetimes of these re
nances were estimated to be in the order of 10 fs. The
volvement of resonance tunneling in electron transmiss
through water has been suggested also by other workers.13–15

In the spirit of most calculations of electronic couplin
elements in electron transfer theory and of earlier dielec
continuum models that disregard the water structure a
gether, we have used in our previous studies of elect
transmission probabilities static water structures. Thisstatic
medium approximationis based on the assumption of sho
duration of the tunneling process, i.e., it is assumed that
transmission event is completed before substantial nuc
motion takes place. The computation of the transmiss
probability can therefore be done for individual static wa
configurations sampled from an equilibrium ensemble, a
the results averaged over this ensemble. In turn, this imp
that electron transmission through water is essentially
elastic process. Indeed, experimental studies of photoe
sion through thin water films adsorbed on metals indic
that inelastic processes associated with the water nuclear
tion contribute relatively weakly at energies of order;1
eV.16,17 Numerical simulations of subexcitation electro
transmission through one to four water monolayers adsor
on Pt~111!18 are in agreement with this observation.22 Theo-
retical calculations of inelastic tunneling23 similarly show
1 © 2001 American Institute of Physics
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that when sufficiently far from resonance the overall tra
mission is only weakly affected by inelastic processes.

The discovery11 of transient resonance supporting stru
tures, essentially molecular size cavities, in room tempe
ture water, and the finding that the typical lifetimes of t
corresponding resonances are of the same order as v
tional periods of intramolecular water nuclear motions c
some doubt on this static medium approximation. The li
times of these cavities are generally long relative to the l
times of the corresponding resonances,24 so from this point
of view a static picture is valid. However, the extent to whi
inelastic processes contribute to the transmission probab
has to be reassessed. This is the purpose of the work
sented in this paper.

The model used in the present calculation is similar
that used by us in earlier studies, and is briefly describe
Sec. II. In Sec. III we relax the static medium approximati
in an artificial way, keeping all nuclear coordinates in t
water layer static, except for one OH stretch mode associ
with a single water molecule. We compute the inelastic tra
mission probabilities for processes that leave this mode
different vibrational states, and conclude that inelastic t
neling is dominated by single phonon transitions. In Sec.
we calculate the 1-phonon inelastic electron transmiss
probability through water, invoking the short duration of t
tunneling event by describing water motion in the instan
neous normal mode picture. As expected, we find that ine
tic tunneling is important close to resonance energies; h
ever, the overall energy exchange is small. As discusse
the concluding Sec. V, the overall transmission probability
still approximated well by the static medium approximatio

II. THE MODEL SYSTEM

We use the same Pt~100!–H2O–Pt~100! model system
and the same electron–water pseudopotential that were
in our previous calculations:4–11 a polarizable flexible simple
point charge~PFSPC! potential for the water–water interac
tion; Pt~100! surface with water–Pt interaction taken fro
the work of Spohr and Heinzinger,25,26 and an electron–
water pseudopotential based on that developed by Ba
et al.,27 modified7 to include the many body interaction a
sociated with the water electronic polarizability of water. T
electron–metal pseudopotential is represented by a sq
barrier of height 5 eV. The total potential experienced by
electron is assumed to be a superposition of these elect
water and electron–metal pseudopotentials. See Ref. 10
more details and for a discussion of the performance of
model. The studies described below are done for a dista
of 10 Å between the Pt walls, which accommodates th
water monolayers at normal density. Water configurations
prepared by classical MD evolution at 300 K, using min
mum image periodic boundary conditions in the directio
parallel to the metal walls. Overall, 197 water molecules
contained in the simulation cell of dimensions 23.5323.5
310 Å implying a water density of 1 g/cm3. The system was
equilibrated for 200 ps before selected water configurati
were studied. Following the equilibration period we ha
collected water configurations at intervals of 10 ps.
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For each~static! water configuration obtained in thi
way, the ~elastic! electron transmission probability is com
puted as follows: a potential field for the electron motion
obtained as a superposition of the square barrier represe
the electron–metal interaction and the electron–wa
pseudopotential. This potential is projected into a cubic g
of dimension 163163400 with corresponding grid spacin
2.771332.771330.4 au in the~x,y,z! directions~z is the tun-
neling direction!. The electronic problem is solved on th
23.46323.46384.67 Å grid by using periodic boundar
conditions in thex andy directions and absorbing bounda
conditions in the tunneling~z! direction; see Ref. 11 for
details.28 The computed transmission probabilities show d
tinct but configuration dependent resonance tunneling
tures below the bare~5 eV! work function that were traced11

to the existence of transient nanocavities in the water st
ture. Typical lifetimes of these resonances were found to
in the 10 fs range.

III. TRANSMISSION IN THE PRESENCE OF A SINGLE
OH-STRETCH MODE

In order to gain insight on the behavior of inelastic ele
tron tunneling in water we focus first on the dynamics o
single normal mode of water in the otherwise frozen wa
layer. Expecting that inelastic coupling will be most effecti
for the high frequency OH stretch modes,29 we ‘‘unfreeze’’
the dynamics of a single OH stretch mode of a single wa
molecule in the layer and consider the resulting inelastic c
tributions to the tunneling process. For an isolated wa
molecule whose geometry in the HOH plane is defined
terms of a 2-dimensional Cartesian coordinate system c
tered on the O atom, with they axis coinciding with the
bisector of the HOH anglea, standard procedure30 yields the
relations ~see Appendix A! between the OH symmetric
stretch modeq and the deviationsdx1 ,dy1 ~for H @1#);
dx2 ,dy2 , ~for H @2#); dx0 ,dy0 , ~for O! of the H and O atoms
from their equilibrium positions. If we unfreeze this norm
mode for a single water molecule and let it move against
background of all other molecules, it will move in a forc
field that is affected by this background. In the calculati
described below, whose purpose is only to gauge the ma
tude of the inelastic effect, we disregard this fact. We the
fore consider a Hamiltonian

Ĥ5Ĥel1Ĥq1V̂el–q ~1!

whereĤel is the Hamiltonian for the motion of the electro
interacting with the frozen water configuration

Ĥel5K̂1ÛB1V̂el–W , ~2!

whereK̂ is the electron kinetic energy operator,UB(r ) is the
bare barrier~taken as a rectangular barrier of height 5 eV a
width 10 Å! and Vel–W(r ;RN) is the electron–frozen wate
pseudopotential. Herer andRN denote the electron positio
and the frozen water configuration, respectively, andN is the
number of the molecules. Also in Eq.~1! Ĥq5(q̇2

1v2q2)/2 is the Hamiltonian for the normal mode und
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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2683J. Chem. Phys., Vol. 115, No. 6, 8 August 2001 Electron tunneling through water
consideration andVel–q(r ,q) is the electron–normal mod
interaction. An explicit form for the latter can be derived
the difference

Vel–q~r ,q!5Vel–W~r ,RN21,x01dx0 ,y01dy0 ,x11dx1 ,y1

1dy1 ,x21dx2 ,y21dy2!2Vel–W~r ,RN!, ~3!

where (RN21,x0 ,y0 ,x1 ,y1 ,x2 ,y2) is another notation for the
underlying frozen configurationRN of the N-water molecule
system, and where the deviationsdxj ,dyj ( j 50,1,2) of the
unfrozen molecular coordinates from their reference po
tions may be expanded in terms ofq using Eqs.~A9!–~A12!
of Appendix A. The resulting interaction obviously depen
on the position of the particular water molecule with t
unfrozen stretch mode, and on its orientation relative to
tunneling direction, but the general conclusions reached
low are independent of these details.

The numerical evaluation of the transmission probabi
associated with the Hamiltonian~1! is executed as a multi
channel scattering problem. The electron motion is descri
on a spatial grid with absorbing potential set at the edge
the system in the tunneling direction, as in Ref. 11, and
normal modeq is described in the basis$u j &% of eigenfunc-
tions of the free harmonic oscillator, defining the differe
channels. Because of its high frequency this mode starts
in the ground state, and inelastic tunneling therefore invol
excitations of this mode to higher levels. Only open cha
nels, i.e., with final nuclear energy not exceeding the to
incoming electron energy,31 should be included in the calcu
lation. There is a finite numbern of such channels, withn of
order 5–10. Denoting the total number of grid points byNG ,
and the number of vibrational states byn, the Hamiltonian
H in this representation is a matrix of ordern3NG that can
be viewed as ann3n block matrix where each block is o
orderNG . The diagonal blocks correspond to the elastic m
tion of the electron in the different channels defined by
quantum states of the oscillator, while the nondiago
blocks define for each grid point the couplingVnn8(r )
5^nuVel–q(r ,q)un8& between the different channelsn,n8
50,...,n21. In the same representation the wave function
the electron–oscillator system is a column consisting on
subcolumns of orderNG . Each subcolumn corresponds
the electron wave function in the corresponding channel

We focus on the one-to-all transmission problem, wh
the electron is incident normal to the water layer, and
total tunneling probability to exit in all final directions i
calculated. The initial state that corresponds to the incom
electron is F in,n505f in(r )un50&;eikzun50& ~z is the
transmission direction!, with energyEin5\2k2/2me . In the
grid/oscillator basis, the column vector that represents
state contains zeros everywhere except in the first subcol
(n50), which contains the grid representation of the wa
function exp(ikz). The relevant absorbing-boundar
conditions Green’s operator is

Ĝ5
1

E2Ĥ1 i «̂
~4!
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where«̂(z)5 «̂ in(z)1 «̂out(z) is the sum of absorbing poten
tials defined at the incoming and outgoing edges of the
merical grid. The total transmission probability is obtain
from32,33 ~see also Appendix B!

P5 2
\~f inu«̂ inĜ~Ein!†«̂outĜ~Ein!«̂ inuf in&, ~5!

and the transmission probability into individual channels
given by

Pn5 2
\^cnu«̂outucn&, ~6!

where ucn& is the nth block of scattering state supervect
uc&5 iĜ(Ein) «̂ inuf in&.

Figure 1 displays results obtained from this calculati
for one particular water configuration sampled from an eq
librium ensemble at 300 K. Two cases with different wa
molecules from the middle water layer with a ‘‘thawed
symmetric OH stretch were considered. In one case~‘‘ a’’ !
the thawed molecule is chosen such that one of its OH bo
is approximately parallel to the tunneling direction. In th
other~‘‘ b’’ ! a molecule with the molecular plane perpendic
lar to the tunneling direction is chosen. The top full line
Fig. 1 shows the total transmission probability as a funct
of incident electron energy for both cases. This line coincid
with the elastic transmission components in both cases
cause the inelastic contributions are extremely small. Res
for inelastic transmission probabilities with transitions in
levels j 51,2 of the oscillator are given by the lower fu
lines for casea and by the lower dashed lines for caseb. The
important observation is that, per mode, the inelastic con
bution to the transmission probability in water is small, wi
the transmission probability for the 0→1 transition smaller
by about five orders of magnitudes than its elastic coun
part. Figure 2 compares similar results for the 0→1 transi-
tion for water, D2O and T2O. We find, as expected, that th
inelastic coupling is stronger for the lighter isotope.

FIG. 1. The transmission probability plotted against the incident elect
energy for an electron interacting in the barrier with a single OH-stre
mode of one water molecule. Top full line—the total transmission proba
ity that coincides on the scale shown with the elastic component. The lo
full lines show, for a molecule in orientation ‘‘a’’ ~see text!, the inelastic
transmission probabilities associated with one~upper line! and two~lower
line! quantum excitations of the symmetric OH stretch vibration. The low
dashed lines show similar results for a molecule in orientation ‘‘b.’’
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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Obviously, the example shown here is highly artifici
and the results, will vary with water configuration and wi
the chosen water molecule. Still, we found that the qual
tive behavior and the order of magnitude of the results
tained in this way are characteristic of the model studied.
may conclude that under the conditions considered, inela
tunneling is weak, implying that the effect of water nucle
motion can be treated as a small perturbation. This will
the starting point of the many-mode calculation described
the following section.

IV. TRANSMISSION THROUGH WATER DESCRIBED
BY INSTANTANEOUS NORMAL MODES

The results of the previous section indicate that the
teraction of the tunneling electron with a single water mo
can be taken as a weak perturbation. The excitation o
single quantum of the symmetric OH stretch mode was s
to be a very low probability event, and the probability
induce more than a single phonon transition during the t
neling event is extremely small even near the transmiss
resonance. Still, since the electron interacts with a la
number of modes~the normalization volume used in the ca
culation of Sec. III corresponds to an electron interact
with a sample of;200 water molecules, i.e., with;2000
nuclear degrees of freedom!, the total inelastic contribution
may be appreciable. In this section we provide an appro
mate estimate of this contribution.

The calculation described below relies on the fact, d
cussed above, that the time scale for the interaction of
tunneling electron with the water environment is short. T
upper limit for this timescale is provided by the lifetimes
the transmission resonances, estimated to be in the ord
10 fs.11 In addition, a calculation of the traversal time fo
electron tunneling through water layers similar to those u
in the present calculation34 yields times of the order<1 fs
away from the resonance energy, and again times of o
;10 fs near resonance. These short times are consistent

FIG. 2. Full line—same as the full line in Fig. 1. Dashed, dotted a
dashed–dotted lines show the inelastic transmission probabilities with
quantum excitation of the OH-stretch mode for H, D, and T substitu
water, respectively. The molecule is in configuration ‘‘a’’ ~see text!.
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the low probability for inelastic transitions observed in t
calculation of Sec. III. Still, as discussed in the introductio
nuclear motion on this time scale cannot be disregarded
together. Instead we use previous work that indicates tha
time scales shorter than;100 fs, the nuclear dynamics o
different solvents, including water, can be reliably describ
in the instantaneous normal mode picture.35–38 In this ap-
proach, each static liquid configuration sampled from
equilibrium ensemble is used as a reference for expand
the nuclear potential up to second order in the deviations
the nuclear coordinates from this reference configuration.
agonalizing the Hessian matrix associated with the sec
order derivatives of the nuclear potential about this refere
point then yields a set of ‘‘instantaneous normal mode
~INMs! whose dynamics describe the short time evolution
the liquid about that configuration. In a similar spirit w
assume that the inelastic contribution to electron transm
sion through a thin~a few molecular monolayers! water layer
can be accounted for by the interaction of the tunneling e
tron with the instantaneous normal modes associated
the configuration encountered at each tunneling event. Pr
ous studies have indicated that taking into account o
stable ~real frequency! INMs does not lead to appreciabl
errors in the very short time dynamics of the fluid cons
ered, and provides a better representation of the exact
dynamics than an all-mode treatment at longer times.36–38

Here we follow the same practice and represent the
ter dynamics using only the subset of stable INMs. In t
discussion below, we refer to these modes as ‘‘phonon
keeping in mind the limited applicability of this term in th
present context.

The inelastic contribution to the transmission probabil
is computed as the average of results obtained in this
over configurations sampled from an equilibrium ensem
of layer configurations. Furthermore, based on the result
Sec. III we assume that the inelastic process is dominate
single phonon transitions that may be evaluated using pe
bation theory. This use of perturbation theory to evaluate
inelastic contribution to electron transmission through wa
combined with the description of the water nuclear dynam
as the motion of noninteracting normal modes, is wh
makes this problem tractable.

For any given water configurationR0 our starting point
is the Hamiltonian

Ĥ5Ĥel~R0!1Ĥph~R0!1V̂el–ph~r ,R0!, ~7!

Ĥel5K̂el1ÛB~r !1V̂el–W~r ,R0!, ~8!

where r is the electron coordinate,Ĥel is the Hamiltonian
associated with the motion of the electron across
static metal–water–metal junction,Ĥph is the phonon Hamil-
tonian@see Appendix B, Eq.~B5!# andV̂el–ph is the electron–
phonon interaction that we discuss below.Ĥel may be further
written as a sum of electron kinetic energyK̂, the bare bar-
rier ÛB that is modeled here as a rectangular barrier of he
5 eV, and the electron–water pseudopotentialV̂el–W dis-
cussed in Sec. II.

e-
d
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2685J. Chem. Phys., Vol. 115, No. 6, 8 August 2001 Electron tunneling through water
For a given instantaneous water configuration,V̂el–ph is
obtained from expanding the electron–water interaction
powers of the deviations of the water-atoms positions fr
this instantaneous configuration. Denoting the water confi
ration close to a reference configurationR0 by R5R0

1(aCaqa where$qa% are the instantaneous normal mod
coordinates associated with that reference configuration~see
Appendix B!, the electron–water interaction is expanded
to linear order in$qa%

V̂el–W~r ,R!5V̂el–W~r ,R0!1(
a

Ua~r ,R0!q̂a , ~9!

with Ua(r ,R0)5(]Vel–W(r ,R0)/]R0)•]R0 /]qa , so that in
Eq. ~7!

V̂el–ph5(
a

Ua~r ,R0!•q̂a . ~10!

In Eqs.~9! and~10! we have assumed that the order linear
the INM coordinates is sufficient. This is consistent with o
expectation that the inelastic contribution to the tunnel
process is dominated by single phonon transitions. One m
approximation was made in the actual application of t
procedure: As already discussed in Sec. II the electron–w
pseudopotential used in the present work is based on
developed by Barnettet al.27 modified to incorporate the
many-body nature of the effect of the water electronic po
izability. We have found that including this aspect of t
electron–water interaction is essential for getting the cor
effective barrier for electron tunneling through water. Ho
ever, the effect of these terms on the dynamics of inela
tunneling is expected to be small relative to the stron
shorter-range parts of the pseudopotential, and are d
garded in the evaluation of theUa terms. This simplifies the
calculation of these terms considerably.

Next we consider the needed scattering formalism. T
Hamiltonian~7! describes an electron that is moving as a f
particle to the right and left of a target, i.e.,Û,V̂el–W and
V̂el–ph are taken to vanish forr outside the target. This targe
is a water layer superimposed on the vacuum barrier. In
process under discussion, the electron tunnels through
barrier, while interacting with the INMs bath localized in th
barrier region. We denote byu l &5uf l&ux l& and ur &
5uf r&ux r& the initial and final states of the electron–wat
system, whereuf l& and uf r& are respectively incoming an
outgoing states on the left and right sides of the barrier, w
ux l& and ux r& are the initial and final nuclear states of th
water target. The corresponding energies areEl ,r5El ,r

el

1El ,r
ph and the relevantS matrix element is

Srl 522p iTrl ~El !d~Er2El !. ~11!

For the scattering geometry considered here, the corresp
ing T matrix element may be written in the form

Trl ~E!5^r uĤRMĜ~E!ĤLMu l & ~12!

by dividing space into three regions: The right~R! and left
~L! regions of free particle motion, and a target region~M!
that encloses the molecular layer. With this in mind we w
sometimes write the electronic Hamiltonian in the form
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Hel5Ĥel
0 1ĤLM1ĤRM , ~13!

where Ĥel
0 represents the electronic motion in the disco

nected subspacesR, L, andM, and whereĤRM andĤLM are
the couplings between these subspaces. Eq.~12! assumes
that no direct coupling exists between theR andL regions. In
the spatial grid representation used,ĤRM andĤLM originate
from the kinetic energy operator, and directR–L coupling
may indeed be disregarded if the target encompasses m
than a few grid spacings in the tunneling direction. From
structure of Eq.~12! it follows that the Green functionĜ
enters only through its projection on the M subspa
ĜMM(E)5@E2ĤMM2Ŝ(E)#21, whereĤMM is the projec-
tion of the Hamiltonian~7! on the M subspace and whereŜ

is the corresponding self-energy.ĜMM is a matrix of the
order of the number of grid points in theM region. Note that,
sinceV̂el–ph(r ,R0) vanishes forr outside the molecular layer
Ŝ is an operator in the electronic space only.

To first order in the electron–phonon interaction we m
write

Ĝ~E!5Ĝ0~E!1Ĝ0~E!V̂el–phĜ0~E!, ~14!

Ĝ0~E!5@E2Ĥel2Ĥph1 ih#21; ~h→0!. ~15!

From the discussion above it is clear that we need only
projected part of Ĝ0, ĜMM

0 (E)5@E2(Ĥel)MM2Ĥph

2Ŝ(E)#21. Obviously,ĜMM
0 can couple only between state

ul& and ur& with ux l&5ux r& and, sinceĤph commutes with the
electronic operatorsĤel andŜ, it can be replaced in~15! by
the corresponding phonon energy. For this reason we
also encounter below the electronic Green’s function

Ĝel~E!5@E2Ĥel1 ih#21, ~16!

and its M-projected part

~Ĝel!MM~E!5@E2~Ĥel!MM2Ŝ~E!#21. ~17!

With these preliminaries, we are now ready to calcul
the matrix elementTrl (E) of Eq. ~12!. Below we use inter-
changeably the notationsu l &5u l ell ph&5uf lx l& ~and similarly
for r!. Using Eq.~14! we may write this coupling as a sum o
elastic and inelastic components

T̂lr 5T̂lr
elas1T̂lr

inelas, ~18!

Tlr
elas~E!5^f lx l uĤLMĜ0~E!ĤRMuf rx r&

5^f l uĤLMĜel~E2Eph!ĤRMuf r&d l phr ph
, ~19!

Tlr
inelas~E!5^f lx l uĤLMĜ0~E!V̂el–phĜ0~E!ĤRMuf rx r&

5(
a

^f l uĤLMĜel~El
el!Ûa~r !Ĝel~Er

el!ĤRMuf r&

3^x l uq̂aux r&. ~20!

In Eq. ~19! Kroneckerd term denotes that the initial (l ph) and
final (r ph) states of the phonons are identical in the elas
process, andEph5El

ph5Er
ph is the corresponding phonon en

ergy. In Eq.~20! Ej
el5E2Ej

ph; j 5 l ,r , and in each term of
the a summationEl

el and Er
el differ from each other by one
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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quantum of the modea. In addition, the structures of Eqs
~19! and ~20! imply that only the M-projected parts of th
Green’s operators in these equations, i.e.,ĜMM

(0) and (Ĝel)MM

respectively, should be considered. For simplicity of notat
we drop here and below this projected notation, keeping
mind that the Green’s functions appearing below are all p
jected onto the M subspace.

We will focus on a particular ‘‘one-to-all’’ transmissio
probability whereupon the electron is incident from the l
in the direction normal to the water layer, and the sum o
all final states is considered. The one-to-all transmiss
probability is given by

Pl5
2p

\ (
r

uTlr u2d~El2Er !. ~21!

In the presence of phonons this should be averaged over
initial distribution and summed over their final states to yie
the total averaged transmission probability.

^Pl&5
2p

\ (
r el

1

ZL
(
l ph

e2bEl
ph

3(
r ph

uTlr u2d~El
el1El

ph2Er
el2Er

ph!. ~22!

HereZL is the phonon partition function in the initial stat
Note that the summations in~22! are done for a given incom
ing statel el of the electron, and therefore at constantEl

el .
Also, in what follows we shall omit the explicit average^ &,
writing merely Pl for the averaged transmission probabili
when the meaning is clear from the text.

Consider first the elastic tunneling component. The s
over final phonon states eliminates thed l ph,r ph

term in the
square of Eq.~19!, and the average over initial phonon stat
is trivial: ZL

21( l ph
exp(2bEl

ph)51, so effectively theuTu2

term becomes purely electronic. It leads~see Appendix C! to
the following expression for the one-to-all transmissi
probability

Pl
elastic~El

el!5
1

\
^f l uĤML

† Ĝel
† Ĝ~R!ĜelĤMLuf l&, ~23!

where G (R)5 i @S (R)2S (R)†#. In Eqs. ~21!–~23! the wave
function is normalized to unit flux in the incoming wave

fE~x,y,z! ——→
z→2` A m

kz\
eikz•zf ~x,y!,

E5\2kz
2/2m1Exy , ~24!

where Exy is the energy in the direction normal toz and
f (x,y) is normalized to 1. In the absorbing boundary con
tions ~ABC! Green’s function method the boundaries se
rating the left and right free electron regionsL and R from
the ‘‘molecular’’ region M are taken far enough from th
target to allow the replacement of the self energy matrixS by
simple position dependent imaginary potential termsi«L(r )
and i«R(r ) that rise smoothly towards the boundaries of t
M system and insure the absorption of outgoing waves
these boundaries. This leads to~see Appendix C!
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elastic~El

el!5 2
\^f l u«̂LĜel

† ~El
el!«̂RĜel~El

el!«̂Luf l&, ~25!

where Ĝel(E)5@E2Ĥel1 i ( «̂L1 «̂R)#21. The numerical
evaluation of this expression requires~a! evaluating the
Hamiltonian matrix on the grid, and~b! evaluating the op-
eration of the corresponding Green’s operator on the ve
uf l&. In our implementation seventh order finite-differencin
representation is used to evaluate the kinetic energy ope
on the grid. This results in a sparse matrix representation
the Hamiltonian, suggesting the applicability of Krylo
space based iterative methods39 for such calculations. In the
present work we have used the PETSc package.40

In Appendix C we develop an equivalent procedure
evaluating inelastic transmission probabilities. The res
equivalent to~25! is

Pl
inelast~El

el!5 (
a51

N

@ga
1~El

el!ha
11ga

2~El
el!ha

2#, ~26!

where

ga
6~El

el![ 2
\^f l u«̂L

†Ĝel
† ~El

el!Ûa
†~r !Ĝel

† ~El
el6\va!

3 «̂RĜel~El
el6\va!Ûa~r !Ĝel~El

el!«̂Luf l&,

~27!

ha
15h1~va![

\

2mava
n̄~va!;

ha
25h2~va![

\

2mava
@11n̄~va!#, ~28!

with n̄(v)5@exp(b\v)21#21. Note that in the position rep
resentationÛa(r ) is real and diagonal, i.e.,Ûa

†(r )5Ûa(r ).
Also, since we used mass weighted coordinates,ma51.

In order to compute the matrix element in Eq.~27!,
one needs to evaluate the vector Ĝel(El

el

6\va)Ûa(r )Ĝel(El
el) «̂Luf l&. This involves two operations

of Green’s matrices on a vector that are carried out as
lined below Eq.~25!. Obviously, an exact calculation of th
sum ~26! involves too many operations of this kind to b
practical. Instead we resort to a coarse-graining approxi
tion. First rewrite Eq.~26! in the form

Pl
inelast~El

el!5E
0

`

dvr~v!@g1~El
el ,v!h1~v!

1g2~El
el ,v!h2~v!#, ~29!

where

g6~El
el ,v!5r21~v!(

a
ga

6~El
el!d~v2va!, ~30!

and wherer(v)5Sad(v2va) is the density of phonon
modes. The approximation is to use the following express
for g6(El

el ,v):
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g6~El
el ,v!5 2

\^f l
elu«̂L

†Ĝel
† ~El

el!Û~r ,v!

3Ĝel
† ~El

el6\v!«̂RĜel~El
el6\v!

3Û~r ,v!Ĝel~El
el!«̂Luf l

el&, ~31!

where Û2(r ,v)5r21(v)SaÛa
2d(v2va). Numerically, an

approximation toÛ(r ,v) is obtained by dividing thev axis
into a finite number of segments$i% of sizesDv i and taking
the average ofÛa

2 over all modes in a segment, i.e.,

Û~r ,v!5S 1

N~v! (
v2Dv/2<va,v1Dv/2

Ûa
2~r ! D 1/2

, ~32!

whereN(v)5r(v)Dv is number of modes in the segme
considered.

Eq. ~29! yields, under our approximations, the tot
probability for inelastic tunneling. Obviously, the term in
volving g1 in this equation corresponds to processes
which the electron gained energy, while the term involvi
g2 is associated with processes in which the electron
energy during the transmission. These terms are integra
the corresponding differential transmission probabilities

Pl
inelast~El

el ,6\v!5r~v!g6~El
el ,v!h6~v!. ~33!

To summarize, our calculation proceeds along the follow
steps.

~a! Generate an equilibrium trajectory of the water lay
confined between the two Pt~100! surfaces and use it to
sample a desired number of water layer configuratio

~b! For any such water configuration and for an approp
ate spatial grid we evaluate the grid representation
the inverse Green functionE2Ĥel1 i ( «̂L1 «̂R). This
Green’s function can be used to calculate the ela
tunneling probability as described in Refs. 4–11.

~c! For a given water configuration we find the corr
sponding set of instantaneous normal modes using
potential and procedure described in Appendix B. W
proceed with the subset of stable modes of real
quency.

~d! The electron–water pseudopotential is expanded in
normal modes about the given water configuration. T
linear terms in this expansion yield the coupling p
rametersÛa(r ) according to Eqs.~9! and ~10!.

~e! The coarse-grained representationÛ(r ,v) of Ûa(r ) is
obtained using Eq.~32!.

~f! For the given incoming stateuf l
el&, represented as

grid vector, we calculate the vectorĜel(El
el

6\v)Û(r ,v)Ĝel(El
el) «̂Luf l

el& and use it to obtain
g6(El

el ,v), Eq. ~31!. The latter is then used in Eqs
~29! and ~33!.

V. RESULTS AND DISCUSSION

Figure 3~a! shows the density of instantaneous norm
modes for the system described in Sec. II: three monola
of normal water and of D2O confined between two Pt su
faces at 300 K. Figure 3~b! show similar results for ‘‘bulk’’
water41 at 300 and 60 K, together with those obtained for t
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water layer. Following usual convention, the density
imaginary frequency modes is displayed on the negativv
axis. These results are averaged over 20 water configura
sampled from the corresponding equilibrium trajectori
The results for bulk water are in close agreement with th
obtained previously by other workers.35,36 The results ob-
tained for the water layer are very similar to those obtain
for the bulk system of the same temperature except at
low frequency regimev<500 cm21. In this regime the nor-
mal mode spectrum of the confined layer is seen to shif
somewhat higher frequencies, and at the same time the n
ber of imaginary frequency modes is reduced relative to
corresponding spectral features of bulk water. Both obse
tions reflect the increased local binding in the confined lay
The absence of appreciable effects in the higher freque
regime may be understood by noting the frequencies ass
ated with the O–Pt stretch and the C–Pt–Pt bend of a sin

FIG. 3. ~a! The densityr of instantaneous normal modes in a layer com
prised of three monolayers of water molecules confined between two s
Pt~100! surfaces, averaged over 20 configurations sampled from an equ
rium (T5300 K) trajectory and shown for otherwise identical H2O ~dashed
line! and D2O ~dotted line! layers. The usual convention of displaying un
stable modes on the negative frequency axis is applied here.~b! Same for
bulk water systems at 60 K~full line! and 300 K~dotted line! shown to-
gether with the result for a water layer~dashed line, same as the dashed
~a!. The densities of modes shown are normalized to 1.
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water molecule adsorbed on Pt~100! which, based on the
potential of Refs. 25 and 26 are 97 and 504 cm21 respec-
tively. Note that the relatively small density of imagina
frequency modes justifies the approximation that disrega
them in Sec. IV.

The elastic and integrated inelastic one-to-all~incident
perpendicular direction! transmission probabilities for on
randomly chosen configuration of the 3-monolayer wa
film are shown in Fig. 4. Figure 4~a! shows the elastic and
inelastic components of the transmission probabilities as w
as the total transmission probability—their sum—as fu
tions of the incident electron energy. Fig. 4~b! shows the
elastic transmission probability as well as the correspond
inelastic components obtained for identical H2O, D2O, and
T2O layers. The resonance enhancement of the transmis
probability near 4.4 eV~for the studied configuration! is seen
to be accompanied by a substantial increase in the inela
component. The results of Fig. 4~b! also indicate that the
importance of inelastic electron transmission through iso

FIG. 4. ~a! The elastic~full line! and the inelastic~dashed line! transmission
probabilities as well as their sum—the total transmission probability~dotted
line!, plotted against the incoming electron energy.~b! The elastic transmis-
sion probability ~full line! and the inelastic transmission probabilitie
~dashed line for H2O, dotted line for D2O and dashed–dotted line for T2O)
displayed against the incoming~perpendicular to the water layer! electron
energy.
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FIG. 5. The ratioPinelast/Pelast between the inelastic~integrated over all
transmitted energies! and elastic components of the transmission probabi
calculated for different instantaneous structures of a water layer consis
of three monolayers of water molecules confined between two Pt~100!
surfaces.

FIG. 6. The net energy loss spectrum, Eq.~34!, for an electron tunneling
through a given water layer configuration~a! at resonance (El

el54.4 eV for
the chosen configuration! and ~b! substantially below resonance (El

el eV).
Dashed line is for H2O and dotted line is for D2O.
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FIG. 7. The energy loss/gain spectrum for the sam
process depicted in Fig. 6~a! at resonance (El

el

54.4 eV) and~b! below resonance (El
el53.5 eV). The

gain spectrum is shown on the positivev axis ~right
vertical scale! while the loss spectrum is displayed o
the negativev side ~left vertical scale!. Dashed and
dotted lines are for H2O and D2O respectively.
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pically substituted water layers decreases in the or
H.D.T, as expected from the relative masses.42

It is important to keep in mind the transient nature a
the variability of the water layer structures that support su
resonances. The ratioPinelast/Pelast between the~integrated!
inelastic and the elastic components of the transmissio
shown for several different water configurations in Fig.
This figure shows the variability in the nature of the res
nance supporting structure in the water configuration alre
discussed in Ref. 11. At the same it shows again the re
nance enhancement of the inelastic tunneling compon
Resonance enhancement of inelastic transition is a com
feature in many scattering process, e.g., in Raman scatte
of light.

It is also interesting to examine the relative importan
of different phonon-frequency ranges in affecting inelas
transmission. The water normal mode spectrum conta
modes associated with intramolecular motions@stretching
and bending modes of frequencies larger than 1500 c21

~for H2O)], and intermolecular modes of frequencies sma
Downloaded 25 Mar 2004 to 132.66.16.12. Redistribution subject to AIP
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than ;1000 cm21, which may be further subdivided to
libration/rotation modes at the higher frequency end, a
translation-dominated modes at the lower frequency end
this range. Time scale arguments would suggest that the e
tron couples more efficiently to the higher frequency mod
associated with the intramolecular stretching and bending
brations; however, additional factors should be taken i
account. First, because the termsh2(v) ~for electron energy
loss! and h1(v) ~for electron energy gain! in Eq. ~29! are
proportional ton̄(v)11 and ton̄(v), respectively, tunnel-
ing accompanied by electron energy loss is more impor
than tunneling with energy gain, particularly for high fre
quency modes with\v.kBT. On the other hand, the trans
mission probability for an energy loss process is redu
relative to the corresponding elastic process because o
larger barrier encountered effectively in the latter proce
For the combination of these reasons the low frequency
gime associated with water rotations and librations is m
important in affecting inelastic tunneling than the higher fr
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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quency intramolecular regime. This is seen in Fig. 6 wh
the net differential energy loss spectrum,

d~DE!

dv
5

d

dv
~~DE! loss2~DE!gain!

5\v~Pl
inelast~2\v!2Pl

inelast~1\v!! ~34!

is displayed as a function of the phonon frequencyv. Shown
are the spectral distributions of the net energy loss comp
for identical configurations of H2O and D2O layers for two
values of the incident energyEl

el : at resonance~4.4 eV for
the configuration used!, Fig. 6~a! and substantially below
resonance~3.5 eV!, Fig. 6~b!. In both cases, the largest co
tribution to inelastic scattering is seen to arise from mode
the rangev,1000 cm21, i.e., in the libration/rotation range
of the normal mode spectrum of water. Figures 7~a! and 7~b!
show for the same configuration and the same incident e
gies the two components, (d/dv)(DE) loss ~on the negative
frequency axis! and (d/dv)(DE)gain ~on the positive fre-
quency side! as functions of the phonon frequency. As e
pected, the contribution of the different frequency regimes
energy gain by the transmitted electron decreases rap
with increasing mode frequency, reflecting the activated
ture of the corresponding mode occupation numbers at
given ~room! temperature.

Finally, Fig. 8 depicts the total energy loss, as well
some of its spectral components, for the same water confi
ration used in Figs. 6 and 7. The prominence of the l
frequency regime (v,1000 cm21) in affecting inelastic tun-
neling is clearly seen. It should be emphasized that, w
this spectral regime contains also contributions from oxyg
translational modes, the dominance of hydrogenic motion
evident from the strong sensitivity to hydrogen isotope s

FIG. 8. The net energy loss computed for the same water (H2O) configu-
ration as used in Figs. 7 and this figure, displayed as a function of
incident electron energy. Full line—the total net energy loss integra
over all phonon frequenciesv. Dashed line—the energy loss integrate
over the v,1300 cm21 regime. Dotted line—same for the range th
spans the intramolecular bending frequency, 1500 cm21,v,2000 cm21.
Dashed–dotted line—same for the intramolecular stretch frequen
range,v.3000 cm21.
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stitution seen in Figs. 6 and 7. The actual net energy los
quite small, substantially less than 1% of the incident el
tron energy.

VI. CONCLUSIONS

In this work we have assessed the relative importanc
inelastic effects in electron tunneling through water layers
was prompted by previous studies that indicated that elec
tunneling through water is enhanced by resonances as
ated with transient water structures characterized by mole
lar cavities in the water structure. A generalization of t
absorbing boundary conditions Green’s function method
ogy makes it possible to compute first order~single phonon!
corrections to the elastic tunneling probability. We have co
bined this with an instantaneous normal mode representa
of the short time scale nuclear dynamics of the water laye
order to compute the effect of inelastic tunneling on the w
ter transmission properties.

The results described above indicate that indeed n
resonance energies inelastic tunneling cannot be disrega
For particular configurations we find inelastic currents th
exceed the elastic component. A rough average over sev
configurations using data such as in Fig. 5 leads to a mo
increase of the total tunneling probability by 20–40% in t
range of;1 eV below the vacuum barrier due to inelas
contributions. In the deep tunneling regime~incident energy
lower than 1 eV below the vacuum barrier! inelastic contri-
butions can be disregarded as far as their effect on the ov
transmission is concerned.

We have also examined the separate contributions of
ferent parts of the instantaneous water phonon spectrum
the inelastic tunneling process. We have found that relativ
low frequency modes involving hydrogen rotations and lib
tions are the main nuclear motions affecting inelastic el
tron tunneling through water.

Finally, we should keep in mind that the calculation d
scribed above has focused only on transmission propertie
the water layer. In a calculation of the actual tunneling c
rent the differential transmission probability should
summed over all initial and final energies with proper a
count given to the Fermi population factors that determ
the availability of electrons with the corresponding initi
energy and the accessibility of final energy states. The
ferential transmission probability, Eq.~33!, which is a func-
tion of both initial and final electron energies, provides,
principle, the input for such a calculation.
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APPENDIX A

We denote by 0, 1 and 2 the oxygen atom and the t
hydrogen atoms, respectively. Using standard procedure
relationship betweenq, the symmetric OH-stretch mode, an
the deviationsdx1 ,dy1 ~for H@1#); dx2 , dy2 ~for H@2#); dx0 ,
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dy0 ~for O! of the H and O atoms from their equilibrium
positions in the molecular planexy can be written as follows

k115
1

mH
S kOH sin2 a1

2ka

r 2 cos2 a D , ~A1!

k225
1

mH
S 11

2mH

mO
D S kOH cos2 a1

2ka

r 2 sin2 a D , ~A2!

k125k215
1

2mH
A11

2mH

mO
S kOH2

2ka

r 2 D sin 2a, ~A3!

m152mH , ~A4!

m252mHS 11
2mH

mO
D , ~A5!

v5@1/2~k111k22

1A~k111k22!
224~k11k222k12

2 !!#1/2, ~A6!

c5
v22k22

k12
, ~A7!

N5A11c2, ~A8!

where mH and mO are the atomic masses of the H and
atoms, respectively,r is the equilibrium OH bond length,a is
the equilibrium HOH angle,kOH is the force constant for the
OH bond, andka is the force constant for the anglea @so that
the potential for harmonic deviations of the water configu
tion from equilibrium is (1/2)kOH(dr 01)

21(1/2)kOH(dr 02)
2

1(1/2)ka(da)2#. Then

dx050, ~A9!

dy052
2mH

mOAm2

1

N
q ~A10!

dx152dx25
C

NAm1

q, ~A11!

dy15dy25
1

NAm2

q. ~A12!

In the preliminary study discussed in Sec. III we take t
Hamiltonian for the thawed normal modeq to be the same a
in a free water molecule, Hq5(q̇21v2q2)/2.

APPENDIX B

A. Water potential and instantaneous normal modes
„INMs…

A set of instantaneous normal modes associated wi
given water configuration is obtained by expanding the wa
potential to second order in the deviations from the giv
configuration

VW~R!2VW~R0!52F~R0!•~R2R0!1
1

2
~R2R0!

•D~R0!•~R2R0!, ~B1!

where R are mass weighted coordinates and where
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F j~R!52
]VW~R!

]Rj
, ~B2!

D jk~R!5
]2VW~R!

]Rj]Rk
, ~B3!

and diagonalizing the Hessian matrixD. Denoting byM the
corresponding transformation matrix, the squared norm
modes frequencies,va

2, are the elements of the diagonal m
trix V25MDM † and the corresponding shifted coordinat
are q5M•(R2R0)2(V2)21f, where f5M "F is the trans-
formed force. The short time evolution about the configu
tion is then determined by the Hamiltonian

Ĥph5(
a

~~1/2!q̇a
21~1/2!va

2qa
2 !, ~B4!

whereva
2 are the diagonal elements ofV2. In general, some

of the INM’s frequencies are imaginary, and in the pres
tunneling calculation we have taken into account only sta
modes with real frequencies that we refer to as ‘‘phonon
The starting point of the calculation outlined in Sec. IV is t
second quantization representation of the Hamiltonian~B4!

Ĥph5(
a

\vaS aa
†aa1

1

2D , ~B5!

whereaa
† and aa are phonon creation and annihilation o

erators, and where the sum is over stable INMs.
The nuclear potential for the water system is

VW5VWb1VPt–W . ~B6!

Here VWb is the bulk water potential whileVPt–W is the
water–platinum wall interaction. For the former we use t
flexible simple point charge~FSPC! model,9,43,44 where the
potential is written as a sum of intermolecular and intram
lecular contributions

VWb5VW
inter1VW

intra. ~B7!

The forms of these potentials used in the present calcula
are as follows:

~a! The intermolecular water term is a sum of a pair
interactions between water atoms not belonging to
same molecule, as in the SPC water model

VW
inter5(

i , j
nW

inter~ i , j !, ~sums over water pairs! ~B8!

nW
inter~ i , j !5

qH
2

RH1iH1 j

1
qH

2

RH2iH1 j

1
qH

2

RH1iH2 j

1
qH

2

RH2iH1 j

1
qOqH

ROiH1 j

1
qOqH

ROiH2 j

1
qOqH

RH1iOj

1
qOqH

RH2iOj

1
qO

2

ROiOj

14«S s

ROiOj
D 6F S s

ROiOj
D 6

21G , ~B9!
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where, e.g.,RH1iH1 j
5uRH1i

2RH1 j
u, with RH1i

being the po-
sition of the hydrogen ‘‘1’’ on moleculei. The parameters
used in Eq. ~B9! are qO520.82 a.u., qH50.41 a.u., s
53.16554 Å, and«50.1554 kcal/mol.

~b! The intramolecular water term is a sum over all wa
molecules

VW
intra5

1

2 (
i

nH2O
intra~ i ! ~B10!

of terms of the form45

nW
intra~ i !5K1~d1i

2 1d2i
2 !12K2d1id2i1K3dai

2

12K4~d1i1d2i !dai1K5~d1i
3 1d2i

3 !

1K6~d1i1d2i !d1id2i1K7~d1i
2 1d2i

2 !dai

1K8d1id2idai1K9~d1i1d2i !dai
2 1K10dai

3

1K11~d1i
4 1d2i

4 !1K12d1i
3 d2i

3 1K13d1i
2 d2i

2

1K14~d1i
2 1d2i

2 !dai

2 1K15d1id2idai
2 , ~B11!

where

d1i5uRi
H12Ri

Ou2Req

d2i5uRi
H22Ri

Ou2Req

dai
5ReqH arccos

~Ri
H12Ri

O!•~Ri
H22Ri

O!

uRi
H12Ri

Ou•uRi
H22Ri

Ou
2aeqJ . ~B12!

The parameters used in Eqs.~B11! and ~B12! are

Ki~ i 51...3!58 431.926 9,2100.736 24,

759.013 07•10221J/Å2,

Ki~ i 54...10!5262.143 5,29 525.094 7,

2319.161 37, 159.584 16,

2658.276 83, 149.607 11,

2139.634 23310221J/Å3

and

Ki~ i 511...15!515 359.793, 797.886 05, 1 296.599 6,

21 695.542 6,2498.644 04

310221J/Å4, Req51 Å

and

aeq5109.5°.

~c! The water–Pt~100! interaction is taken from Refs. 2
and 26. It takes the form

VPt–H2O5 (
j PPt

H (
i PO

nPt–O
~ i , j ! 1(

i PH
nPt–H

~ i , j ! J , ~B13!

with

nPt–O
~ i , j ! 5@ae2ar i j 2be2br i j # f ~r i j !1ce2gr i j @12 f ~r i j !#,

~B14!
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r

Ri j 5uRi2Rj u ~B15!

r i j 5u~Ri2Rj !2n̂~~Ri2Rj !•n̂!u ~B16!

f ~r!5exp~2dr2!, ~B17!

wheren̂ is a unit vector normal to the Pt wall and pointing
the outwards~i.e., into the water! direction andi and j refer
to the oxygen an Pt atoms respectively. Also

nPt–H
~ i , j ! 5g exp~2hr i j !, ~B18!

wherei andj refer to hydrogen and Pt positions respective
The parameters used in these equations area51.8942
310216J, b51.8863310216J, c510213J, a
51.1004 Å21, b51.0966 Å21, g55.3568 Å21, d
50.5208 Å22, g51.7142310219J, andh51.2777 Å21. In
the equations above energy is given in J whileR andr are
expressed in Å.

APPENDIX C

Here we provide some details pertaining to the deri
tions of Eqs.~23!, and ~25!–~27!. Consider first the elastic
transmission rate out of electronic statel

kl
elast5

2p

\ (
r

u^f l uĤLMĜel~El
el!ĤRMuf r&u2d~El

el2Er
el!.

~C1!

Expanding in the basis ofm states that span the M subspac
this can be written in the form

kl
elast5

2p

\ (
m1

(
m2

(
m3

(
m4

(
r

^f l uĤLMum1&

3~Ĝel~El
el!!m1m2

^m2uĤRMuf r&^f r uĤRM
† um3&

3~Ĝel
† ~El

el!!m3m4
^m4uĤLM

† uf l&d~El
el2Er

el!. ~C2!

Next use the identity

Gm2 ,m3

~R! ~El
el![ i @S~R!2S~R!†

#

52p(
r

^m2uĤRMuf r&^f r uĤRM
† um3&

3d~El
el2Er

el! ~C3!

and do the formal sums over them states to get

kl
elast~El

el!5 1
\^f l uĤLMĜel~El

el!Ĝ~R!~El
el!

3Ĝel
† ~El

el!ĤLM
† uf l&. ~C4!

This rate can be converted to transmission probability
dividing it by the incoming flux,j l5\kz /m, wherem is the
electron mass. Alternatively we may write the transmiss
probability as

Pl
elast~El

el!5 1
\^f l uĤLM

† Ĝel
† ~El

el!Ĝ~R!~El
el!

3Ĝel~El
el!ĤLMuf l&, ~C5!
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provided that the wave functionf l is normalized to unit
incoming flux, i.e.,

fE~x,y,z! ——→
z→2` A m

kz\
eikz•zf ~x,y!,

E5\2kz
2/2m1Exy ~C6!

(Exy is the energy in the direction normal toz and f (x,y) is
normalized to 1!. In the absorbing boundary condition
~ABC! Green’s function method the boundaries separa
the left and right free electron regionsL and R from the
‘‘molecular’’ region M are taken far enough from the targ
to allow the replacement of the self energy martixS by
simple position dependent imaginary potential termsi«L(r )
and i«R(r ) that rise smoothly towards the boundaries of t
M system and insure the absorption of outgoing wa

at these boundaries. In this caseĜ (R)(El
el) in Eq. ~C5!

may be replaced by 2«̂R . A further simplification may be
achieved if we use the fact that the incoming electro
statef l is localized in theL subspace and may be taken
vanish near the RM boundary. This implies th
«Ruf l&50 and ĤRMuf l&50. Using these equalities we ca
write

«̂RĜelĤLMuf l&5 «̂RĜel~@Ĝel#
211ĤLM1ĤRM!uf l&.

~C7!

Together with@Ĝel(El
el)#215El

el2Ĥ0
el2ĤLM2ĤRM1 i «̂ and

(El
el2Ĥ0

el)uf l&50 this yields

«̂RĜelĤLMuf&5 «̂RĜel«̂Luf l
el& ~C8!

so that

Pl
elastic~El

el!5 2
\^f l u«̂LĜel

† ~El
el!«̂RĜel~El

el!«̂Luf l&. ~C9!

Consider next the inelastic transmission probability.
serting Eq.~20! into ~22! yields the inelastic rate
nd
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kl
inelast~El

el!

5
2p

\ (
r el

(
r ph

1

ZL
(
l ph

e2bEl
ph

3(
a

(
a8

^f l uĤLMĜel~El
el!Ûa8~r !Ĝel~Er

el!ĤRMuf r&

3^f r uĤRM
† Ĝel

† ~Er
el!Ûa

†~r !Ĝel
† ~El

el!ĤLM
† uf l&

3^x l uq̂a8ux r&^x r uq̂a
† ux l&d~Er

el1Er
ph2El

el2El
ph!,

~C10!

whereEj
el5Ej2Ej

ph; j 5 l ,r is the electronic energy. Again
a thermal averaging over the initial statesl ph of the phonon
bath and sums over the final states (r el ,r ph) of the electron
and bath are taken in~C10!. The summation and averagin
over the phonon degrees of freedom can be done by no
that ~a! only terms witha5a8 contribute in~C10!, and~b! in
the term associated with a given modea, the vibrational
states ux l& and ux r& ~themselves products of singl
mode states! differ from each other by a change of one qua
tum in the state of modea, so thatEr

el5El
el6\va . This

leads to

kl
inelast~El

el!5
2p

\ (
a

(
r

\

2mava
$^f l uĤLMĜel~el

el!Ûa~r !Ĝel

3~Er
el!ĤRMuf r&^f r uĤRM

† Ĝel
† ~Er

el!

3Ûa
†~r !Ĝel

† ~El
el!ĤLM

† uf l&

3@ n̄ad~El
el1\va2Er

el!1~ n̄a11!

3d~El
el2\va2Er

el!#%. ~C11!

Note that since we used mass-weighted coordinates,ma51
for all a. Repeating the same procedure that was used to
Eq. ~C4! now yields
kl
inelast~El

el!5
2p

\ (
a

\

2mava
$n̄a^f l uĤLMĜel~El

el!Ûa~r !Ĝel~El1\va!G~R!~El1\va!Ĝel
†

3~El1\va!Ûa
†~r !Ĝel

† ~El
el!ĤLM

† uf l&1~ n̄a11!^f l uĤLMĜel~El
el!Ûa~r !Ĝel~El2\va!G~R!~El2\va!Ĝel

†

3~El2\va!Ûa
†~r !Ĝel

† ~El
el!ĤLM

† uf l&%. ~C12!
d

Finally, using the ABC Green’s function methodology a
the arguments that lead to Eq.~C9! we now get

Pl
elastic~El

el!5 (
a51

N

@ga
1~El

el!ha
11ga

2~El
el!ha

2#, ~C13!

where
ga
6~El

el![ 2
\^f l u«̂L

†Ĝel
† ~El

el!Ûa
†~r !Ĝel

†

3~El
el6\va!«̂RĜel

3~El
el6\va!Ûa~r !Ĝel~El

el!«̂Luf l&, ~C14!

ha
1[

\

2mva
n̄a ; ha

2[
1

2mva
~11n̄a!, ~C15!

and where in Eq.~C14! the functionsuf l& are normalized to
unit flux, as in Eq.~C6!. Note that in our mass-weighte
coordinate systemma51 for all a.
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