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CORRELATION EFFECTS ON IONIC MOTION IN FRAMEWORK SOLID ELECTROLYTES

Y. BOUGHALEB, R.0O. ROSENBERG, M.A. RATNER and A, NITZAN®

Department of Chemistry and Materials Research Center, Northwestern University, Evanston, IL

60201, U,5.A,

We lovestigate the static and dynamic properties of a one-dimensional system composed of
Brownian particles subject to a periodic potential by using Langevin dynamics simulation. 1In
addition to different types of interaction between the mobile particles, we study the effect of
the coupling of the diffusing particle with the crystalline cage. For each kind of interaction

potential, we also discuss how the bulk frequency

correlated motion of the particles.

1. INTRODUCTION

Framework solid electrolytes can be thought
of as a mobile sublattice of one type of ions
diffusing through a rigid framework. The acti-
vation energy required for the mobile ions to
diffuse 1s far lower than that found in ordi-
nary ionic solids. Therefore, the probability
for finding an ion between preferred lattice
sites becomes significant. Beyeler [1] has
shown from analysis of the X-ray scattering in
K-hollandite that some ifons are displaced from
the minima of the single particle potential as
the result of interfionic repulsfon. Thig
clearly affects the transport properties, and
therefore a fully dynamic calculation is
required to examine the mechénistic details of
the ionie motion, since hopping models do not
permit ions to be present except at lattice
sites [2]. Most analytical Investigations of
dynamical, as opposed to hopping models have
been performed in the high friction limit,
which 1s unrealistic for most real framework
electrolytes, In which the finite width of
vibrational lines shows that the damping 1is
relatively weak (3]. In this paper, we uae

Langevin dypamics simulation to investigate

~dependent conductivity is affected by the

dynamical behavior and the diffusion mechanics
for a one-dimensional model of framework
electrolytes for different interaction poten-
tials. We focus on the frequency-dependent
conductivity, which reflects che dynamical
collective behavior of the ifons for different

stolchiometries,

2. MODEL AND GENERALITIES

(a} The model

We assume that the mobile ions perform a
Brownian motion in a periodic potential pro-
vided by the rigid framework. The interaction
of a mobile ion with the static lattice can be

represented by a periodic potential:
Vilx,) = =(A/2)cos(2mxy/a) (1)

where A is the barrier height and a is the 1lat-
tice spacing. In a real systen, the {ons of
the framework vibrate around their equilibrium
positions, giving rise to two phenomenological
forces; the dissipative force -my% and the
random force R(t). The continucus motion of
the diffusing fon 1 1s described by the

Langevin equation:

mXp = mgyvy - yVporlixg 1) + Ri(t) (2)
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where my, xy, vy are respectively the mass, the
position, and the veloclity of the 1on i;
Y repregents the friction coefficient. The

random force 1s assumed to have a white noise

spectrum:
Ry(t)> = 0 (3a)
<R1(e)R§(0)> = 2mykpT 614 6(t) (3b)

In what follows we use also the dimensionless

quantity
2ny
T P 3e)
where
2n ¢ A
wg = o= (57 )1/2 (4)

is the vibration frequency of a single particle
at the bottom of the well. Assuming palr
interactions, the total potential energy may be

written as:

N
Vpor{{x}) = § VvV (xq) + Valxg = x4) (5)
{=

1 i,})i
where {x} denotes the configuration of the
system Iin real space {x} = {x],x5,u0-,xy}, and
Vo(xy - Xj) represents the pair potential. The
pair potential V, consists of several contribu-
tions. Since the mobile particles are charged,
coulomb Iinteraction potentials seem most appro-
priate, But in such mixed canductors as a-Aga8
{4a] or a-AgoSe the long range interaction can-
not occur because of the electronic screening
(a screening radius for a-AgpSe has been calcu-
lated on the basis of Debye-Huckel theory, and
found to be of the order of the silver-silver
nearest-neighbor distance [4b]).

Detailed analytical studies [2,5] have been
completed in the high friction limit y >>
wy using the Smoluchowski equation. More
generally the dynamical properties of the
system have been derived using a continued
fraction truncated at a certain order.

However, the accuracy of this approximation

drops with decreasing friction. In the low
friction limit, a higher order fraction is
necessary and no analytical selutions are then
available in the presence of V,;. By solving
numerically N-coupled Langevin equations (eq.
2), one can [6] follow the trajectories of the
particles (position va time) in order to obtain
qualitative information about the diffusion
mechanism, and quantitative results for
frequency-dependent transport properties.

(b) Conductivity

The physical quantities which characterize
the dynamics of the mobile sublattice and thosge
of a tagged particle, can be expressed in terms
of correlation functions [7]. For example,
frequency-dependent conductivity {(for unit
cross—sectional area) o(w) is given by the
Fourier transform of the velocity-velocity

correlation function:

2
g(w) = E%fi [ elut i{ Cvi(t)vy(0)>4 dt (6)

where L ia the chain length and Q the ion
charge; <...> represents the average with
respect to the equilibrium distributfon and kgT
the thermal energy.

{e¢) Static quantities

The static properties of the system are
drastically affected by interactions among the
diffusing 1ons, Experiments performed on cne-
dimensional 1onic conductors B~eucryptite [8]
and potassium hollandite [1] showed pronounced
structures in the liquid structure function
S(q) due to short-range correlation between the
conducting ions. If the interaction is very
strong, it creates an almost regular arrange-
ment of the ions of the mobile sublattice:
such situation affects significantly the
transport properties, which can then become
liquidlike [éc].

The static quantities of greatest interest
are the one particle density p(x) and the two-

particle density o(2)(x x') defined as follows:
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(x) =) <8(x-xy>
o E o (7)

p(2)(x,x*) = ) <8 (x-x1)6(x"-x4)>

1#]
We also define the palr correlation function

g(x,x') which is related to p(z)(x,x') by:
p{2)(x,x") = p(x)g(x,x" )o(x') (8)

The pailr correlation function g(x,x') reflects
the statlic correlations between the mobile fons
due to V,. In inhomogeneous systems such as
ours, the explicit dependence of g(x,x') on
both x and x" has to be considered: this makes
it a very difficult quantity to derive analyti-
cally [9].

fusing ilons induces an effective single-

The mutual repulsion of the dif-

particle potential which can have a completely
different shape from the bare framework poten-—
tial V; (Eq. 1), At equilibrium the one-
particle density probability can be represented
as (B = 1/kgT):

p(x) = const exp -8[V,{x)
+ Jdx' Va(x,x') plx') glx,x")] (9)

In formal analogy to non-interacting par-
ticles, Eq. (9) can be written in the form
[10,11]

p{x) = const exp [-B Vaorge(x)] (10)

where Vogs(x) 1s the effective gingle particle

potential given by

Vare(x) = v (x) + f dx' Vy(x—x") o(x') g(x,x")
(L1}
The barrier height of the effective potential
can be very ugseful in interpreting the
transport properties of the system. In par-
ticular, 1n the high-friction limit of the one-
dimensional case, it can be interpreted as an

activation energy.

3. NUMERICAL RESULTS AND DISCUSSION
In this section we focus on the effects of

the interionic interaction in both static and

dynamic properties, using numerical simulations
based on the solution of N-coupled Langevin
equations (eq. 2) with periodic boundary con-
ditions.

It has been demonstrated previously that
the ion-1ion interaction alters significantly
the transport properties. Depending on the
strength of the interaction V, compared to the
barrier height A, its range, the density of the
mobile ions aand the coupling of the diffusing
tons with the framework represented by the
friction coefficient v, different diffusion
mechanisms are to be expected. To compare our
result with the analytical one already avail-
able, we consider first a short range interac-
tion potential between the mobile 1ons.

(a) Hard-Core Potential

Many investigations of the effect of the
interionic interaction have been done using
short range interaction in both continuous and
lattice gas models [12,13]. One then assumes
that the pair potential has the following form:

Vp(x) = B(b/x)" (12)

where n > 2, b is the interaction diameter, B
and A are taken of the same order, so that the
effect of V, is relatively weak unless the par-
ticles occupy the same lattice site, For
heavily damped particles, solution of the
Langevin equation ylelds good agreement with
the analytical results of [12,13]. 1In partic-
ular the conductivity is seen to be a nonmono-—
tonle function of the interaction diameter b.
To extend this study to the realistic cases
of Intermediate and low friction, the Langevin
equation (2) must be solved. It is known both
for continuous dynamics [l4a)] and for lattice
gas models [14b] that in the underdamped
regime, the diffusion of a single particle sub-
Ject to a periodic potential is faster than
that predicted by classical rate theory. This

results from the fact that the mean free path
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can be larger than the lattice spacing a if the

relation
my A
K1

ay KT 13

1s satisfied. In this limft, the thermal-

ization of the particle requires a time far
exceeding one oscillation period, so diffusive
jumps exceeding a in length can be observed,
and mohile ions can exhibit both oscillatory
and quasifree behavior [15,16].

When the Interaction potential (Eq., 12) is
switched on, the barrier height of the effec-
tive potential decreases and goes through a
minimum (exact equality is obtained for large

n) at b ~ af4, This arises from a double occu-—

pancy effect: when one particle enters an
occupied site (which is possible because of the
short range of V,}, it pushes the occupying
particle toward the top of the well: the actl-
vation energy required by either particle to
perform a jump I{s then smaller than A.

Figure 1 shows the bulk conductivity a(w)

with and without the interaction V, for small
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FIGURE 1
Bulk frequency dependent conductivity o(w), for
short-range repulsion. (——) with the inter-
action V,{b=1/4 and n=7) (+++) without Vo,
T=400K, T =.3 (low friction regime), A=.leV,

163

friction T = 0.3 and (A/kgT) = 3. The change
of the shape of o(w) compared to the non-inter-
acting particle system indicates that the for-
ward scattering between the ions dominates the

bounce-back effect, The computed d-c conduc-—

tivity 1s enhanced by S0% with respect to the
independent particle case, because, in part, of
the important collective motion (e.g., the
caterpillar mechanism [17] of the diffusing
fons).

(b) Frenkel-Kontorova Potential

The Frenkel-Kontorova (FK) model has been
uged extensively in ilmportant work by Geisel
[18] to investigate the static and dynamic
features of certain one-dimensional conductors
such as potassium hollandite,

When the Interaction between the ions 1is
strong enough, it tends to keep them separated
by a distance b = a/C, where C is the con-
centration (iong/site). The expansion of the
palr potential up to harmonic terms around the

average interparticle distance then leads to
the FK expression
N

I (xg41 - x¢ - b)?
i=]

The model consists ther of a harmonic chain,

subject to a periodic potential V;{x) of equa-

tion 1. The force constant a is given by [18]:

22 k1 kBT
—_— (13)
b2

o =

where =l 18 a correlation length (in units of

b) which measures interactlion stremgth. Within

this model, Geisel has computed the frequency
dependent conductivity from the Fokker-Planck
equation by using a continued fraction expan-

sion truncated at the third order. The many-

body averages have been performed with the help
of the transfer-integral technique. His

results overestimate the effect of the friction

on o{w). Geisel reported results for two high

friction values: I =95 and T = 10 (all the

other parameters were kept unchanged). He
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finde that the oscillatory peak is shifted to
frequency larger than wy and that this shift is
strongly dependent on T'. He also finds that
the initial slope of the low freguency conduc-—
tivity (w+0) assoclated with the commensurate
cace becomes negative. This modification of
the frequency dependence of o{w) persists even
for very small correlation length (k=1 = .1).
Our simulation studies are In disagreement with
these results as detailed below.

Te study commensurability effects In the
dynamical behavior of the conducting ions, we
have computed the bulk and the tracer frequency
dependent conductivity for different friction
regimes and several interaction strengths. As
expected [6,18,19], our results show that the
diffusive behavior is enhanced for incommen-
surate density (C = .75) and reduced for com-
mensurate case (€ = ,5) compared to the case of
non-interacting particles.

Figure 2 shows that the tagged particle

Trocer conductivity
LAy ————

rr—gr——ay——

w/v .
(=

0.0 ——ply——73

FIGURE 2
Tracer conductivity, D(w)=D(w)/<v(0)2> resulting
from the FK interaction («~l=3), p=I, T=600K,
A=,leV, (—) commensurate case C=,5, (ss++)
incommensurate case C=,75.

oscillates at some frequency w which exceeds

wg for large interaction between nearest-
reighbor ions. This behavior holds for both
commensurate and Incommensurate densities. In
contrast, the bulk conductivity shown in figure
3 presents an oscillatory peak near wg for the
commensurate case. {(The small red shift 1s
obtained at finite temperature because of the
anharmonicity of the potential V,(x).) The
position of this resonance structure does not
depend on T, contrary to the results obtained
by Geisel. Also Figure 3 shows that the ini-
UBULK CONDUCTIVITY D(w) F.K. MODEL
Fr——p———————————r——

Diw)aE+DS (GAMMA=1.S)
N s 8 B -$ ?

-
=2

O
w/wD (T=600=V0/2.KAPPA=3. ,C=.5)

FIGURE 3
Frequency dependent conductivity for two
regimes of friction: (—); =1 (low friction)
and curve (0-—o) for r=5, T=600K, C=.5, FK
interaction x~1=3. FK model.

tial slope in o(w) is positive, again in
contradiction to Geisel's finding. The value
of the friction affects the magnitude of the
diffusion (conductivity) and the width (but not
the position) of the oscillatory peak [20].

(¢} Coulomb Potential

Due to its simplicity the FK model has been
used extensively for the study of commensurate-
to-incommensurate transition and for soliton-
Cype motion when the particles Iinteract
strongly [20]. Although the FK model does
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1llustrate the essential features resulting
from the Interaction between the conducting
lons in some high density solid electrolytes 1t
is not obvious that the true coulomb type
interaction between the ions of the mobile
gublattice can be reproduced by an effective
short range interaction.

Finally we consider a long range inter-
action model, taking the pair interactiocn

potential to be
Volxy = xj) = (Q)2/|xi - Xj1 (16)

where the effective charge Q is expected to be
less than the formal ionic charge because of
screening effects [16].

The static properties have been evaluated
to obtain information about the correlated
motlon of the ions in the presence of inter-
ionic coulouwb forces. We first consider com-—
mensurate stolchiometries (€™l = integer),
where the backward correlation dominates in the
sense that when a particle at the equilibrium
position tries to jump to the next site, the
perlodic potential and the coulomb Interaction
collaborate to restore the particle to its ini-
tial position [6a]. This results in a reduc-
tion of the d-c conductivity compared to the
non~interacting particle system, and an activa-
tion energy exceeding A.

Figure 4 shows the tracer frequency depen—
dent conductivity (the diagonal terms iIn
eq.{6)) for a commensurate density C = 0.5 at
low frictien T = 1. A pronounced oscillatory
peak appears at frequency larger than wg. The
position of the peak 1s shifted to higher fre-
quencies when the effective charge of the
carriers increases inducing an ordered con-
figuration where occupled sites are separated
by a vacancy. The pailr correlation function
g(0,x) exhiblts maxima at distances which are

multiples of 2a (see [21]) indicating the

strong order established by the mutual
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FIGURE 4

Tracer D{w) with coulomb interaction. C=.5,
Q=.6, kT=.1A, T=l, A=,leV,

Bulk conductivity Diw)
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FIGURE 5
Bulk D{(w). Q=.6, C=.5, T=500K, A=.leV, I=l,
D is related to o{w) by Einstein relation.

tepulsion of the lons. The effective potential
obtained directly from the density via eq. {10)
shows a greater barrier height than A,

expressing reduced diffusion of the ions in the
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commensurate sltuvation with respect to a non-
interacting particle system. We have also com-
puted the bulk frequency dependent conductivity
from which one can extract information about
the correlated motion of the ions (see Figure
5). Contrary to what one might expect, but as
in the FK model discussed above, the oscilla-
tory peak is found around wp, and does not
shift to higher frequenciles when the effective
charge of the fons is increased. This is
because a strongly cerrelated motion of N par-
ticles of mass mw In a fleld with force constant
k may be viewed as motion of a particle of mass

Bm with force constant Nk. Figure 6 shows the

- Bulk Conductivity Dlw)

T 2

D(v)llﬁs(connens. case c=.5)
s

w/v,

FIGURE &
Bulk conductivity C=,5, (=.,6, T=600K, A=,leV,
{(—) low friction limit I'=.3, (o~o0) is for
the high friction T=5.

bulk conductivity o{w) for low and high frie-
tion. As In the FK case the position of the
oscillatory peak is unchanged but 1t is sharper
for the small damping coefficient. If tem-—
perature 1s substantially increased, the anhar-
monic regions become ilmportant, and the fre-

quency peak drops slightly below wy.

Turning now to incommensurate densities,
C = 0,75, the coulomb interaction between the
diffusing fons and the periodic potential com-
pete for their own preferred spacing. As a
cousequence of this competition some ions are
located near the top of the periodic potential
in the ground state [6,22]. To determine the
arrangement of the mobile fons, we computed the
pair correlation function g(x,x') which {in this
inhomogeneous case should depend explicitly on
x and x' [1,6e,9]. It shows a formation of a
group of fons (3 ions for the density C = ,75)
separated by a vacancy: the effective interac-
tion between the vacancies tends to order them
almost regularly. Beyeler et al, {23] have
calculated the probability of having n ions
between successive vacancles in potassium
hollandite (C = .77); they found that n = 2,3,4
are highly probable, 1In Figure 7, we plot the

1.2 T T ¥ T v T g T T

Diw) (Q=,2 and 0.6)

sob= e S

w/w,

FIGURE 7
Tracer D(w). C=.75, T=120k, A=,leV, and low
friction =.3. ( Y: Q=.2 and («ee): O=,.5,

tracer conductivity for C = 0,75 and different
effective charges; 1t shows two oscillatory
peaks [6a) which refleet the possibility of
finding the tagged particle in two completely

different environments. The first peak
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indicates the oscillatory motion of the ion
near a vacancy and the second one is assoclated
with the vibration of the ion at the bottom of
the well surrounded by twe ions shifted from
the minima of the periodic potentlal. Tike the
commensurate case, the tagged particle oscil-
lates at higher frequencies when the inter—
action between the fous increase. One should
keep in mind that for this strongly Interacting
one~dimensional system, the ions are strongly
correlated, which means that the contribution
of the tracer diffusion to the bulk one is
insignificant: the bulk conductivity comes
almost entirely from the collective motion of

the ions.

IV Comments

As has been observed elsewhere, for {incom-
mengurate coulomb systems, increasing the
strength of the repulsion V, decreases the
effective activation energy for ion hopping and
therefore raises the ionic conductivity, which
occurs by a liquid-like motion [3,6,18,19,21].
This can be seen from the bulk conductivity of
Figure 8, which shows the shift In oscillator

Bulk conductlvity Div}

e e e . —

S——rTr T
w/ v
FIGURE 8

Bulk D(w) for 2 strengths of interaction and low
friction value I'=l, T=200K, A=,leV, C=.75.
Curve (+-:): Q=.3 and curve (-—) is for Q=.6.
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strength from high to low frequency as

V, increases. At high densities, where the
lons Interact strongly, the two basic motion
aspects (diffusion and oscillation) have to be
thought of as collective motion because of the
overcorrelation existing in one-dimensional
systems, The Haven ratio, which reflects the
contribution of the individual particle to the
overall properties, goes to zero as time goes
to infinity: this situation is typical of one-

dimensional systems,
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