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Non-Markovian theory of activated rate processes. V.
External periodic forces in the low-friction limit

Benny Carmeli*
The Sackler Faculty of Exact Sciences, Department of Chemistry, Tel Aviv University, Tel Aviv 69978, Israel
and Department of Chemistry, University of Pennsylvania, Philadelphia, Pennsylvania 19104

Abraham Nitzan
The Sackler Faculty of Exact Sciences, Department of Chemistry, Tel Aviv University, Tel Aviv 69978, Israel
(Received 12 April 1985)

The escape of a particle from a potential well under the influence of both thermal (generalized
Langevin) noise and friction and an external periodic driving force is studied in the low-friction lim-
it. We consider three models: (a) additive thermal noise and a completely coherent driving force; (b)
additive thermal noise and a phase-diffusing driving force; (c) coherent driving force and multiplica-
tive random noise. The last two models are characterized by dephasing which affects the escape
dynamics both qualitatively and quantitatively. In all three cases the escape rate is resonantly
enhanced; however, while the first case is characterized by a finite energy peak in the steady-state
distribution function, the presence of strong dephasing in the other two cases leads to a generalized
Boltzman distribution with an effective temperature which depends resonantly on the external
pumping. The relevance of this work to recent experimental results on the resonant activation of a
Josephson junction out of its zero-voltage state is discussed. '

I. INTRODUCTION -

In a recent series of articles! we have generalized
Kramers’s treatment? of escape of a Brownian partlcle
from a potential well to the whole friction range,!® =1
to non-Markovian situations,'®~1) to s1tuat10ns wh1ch
include the effects of coupled nonreactive modes,'®’ and
to the presence of multlphcatlve random noise (position-
dependent friction).!™ Many authors have also over the
years extended Kramers’s theory in these and other direc-
tions.?

A related, relatively unexplored problem is the escape
of a Brownian particle out of a potential well in the pres-
ence of an external periodic force. Processes such as mul-
tiphoton dissociation and isomerization of molecules in
high- pressure gas or in condensed phases,* laser-assisted
desorption,’ and transitions in current-driven Josephson
junctions under the influence of microwaves® % may be
described with such a model, where the periodic force re-
sults from the radiation field.

Some time ago we present a solution for the case of a
truncated harmonic well in the low-friction Markovian
limit.® For this case the escape rate is given by the inverse
mean first-passage time for a particle starting with an en-
ergy sampled from the steady-state distribution to reach
the critical escape energy. The equation of motion for
this case is

X +yx +w*x =A cos(wgt)+(1/M)R (1) , (1)
.where x is the coordinate of the harmonic particle charac-
terized by a mass M, frequency w, and friction coefficient

v. A is the amplitude of the external force divided by M,
of frequency wg. The thermal noise R satisfies

(R)=0, (R(t{)R(ty))=2vkpgT8(t,—1t,), )]
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where T is the temperature and kp the Boltzmann con-

stant. The steady-state distribution for this model was
found to be
20% (EV2_F 1/2)2
Pgs(E)=Ngexp | — , (3)
ss ECXp o2 +Cl)%( kT

where

- M (0?+wk)A?

E= £ )

4[a)—a)R —|—7/co ]

and the mean first-passage time to reach the threshold en-
ergy Ep is (for o=wg)

r=(ykgT)™!

Ep dy
sz, TCXP kyT

yl2_E 12 ]

(21/2_

X foydz exp (5)

'E'v 1/2)2
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For high barriers or low temperatures (Eg —E >>kgT)

Eq. (5) reduces to
Ep

(EB}/Z___'E" 1/2)2

kT

47E
kgT

1

T=—

Y

(6)

exp

For anharmonic potential surfaces the problem becomes
much more complicated: The underlying deterministic
equation (zero-temperature limit) may have several locally
stable-state solutions corresponding to resonances of the
external force with higher harmonics and subharmonics
of the potential well. These give rise to the phenomenon
of steps in the current-voltage characteristics of the
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microwave-driven Josephson junction.” For a strong

external driving force the deterministic motion becomes
chaotic and it seems impossible to identify a slow dynam-
ic variable for a convenient reduction of the problem.
[The simplicity of the solutions (3)—(5) stems from the
fact that in the low-friction limit the energy near steady
state varies much more slowly than the phase.] An
analytical treatment is therefore possible only in the
weak-oscillating-force limit.!°

In many physical systems the situation becomes simpler
due to the inherent stochastic nature of the driving field
itself. To see the possible significance of this effect con-
sider a conventional CO,-laser pulse with duration of 10
nsec and bandwidth of 1 cm™! incident on a diatomic
molecule characterized by an environment-induced energy
relaxation time of ~ 100 nsec. The laser pulse is obvious-
ly not uncertainty limited and its width is associated with
the random fluctuations in its phase and/or amplitude.
For simplicity we consider random phase fluctuations,
whence the external field is

Ff)=Fqcos [a)Rt + ['argn) ] %
with ¢ being a Gaussian random variable
((1)) =0, (P(11)¢(t3))=2T8(¢;—1;) (8)
so that ‘ k
(F(t,)F(ty)) =F3exp(—T | t;—1t, | Jcos[e(t, —1;)] .
9

I'! is the inverse correlation time and I" may be shown
to be an additive part of the beam spectral width. For the
present example 7, is thus 10™!! sec. This is much short-
er than the energy relaxation time, so that in this respect
the radiation field is similar to a thermal bath. In partic-
ular, phase coherence necessary to generate deterministic
chaos does not exist in this situation.

In Sec. II we consider a model which is the anharmonic
and non-Markovian analog of Eq. (1),

" t 1 aV(x) 1
it [z -+ SO =F(0+5 R0, (10)
(R(£))=0, (R(t{)R(£;))=MkyTZ(t,—1t,), (11)

where the external driving force satisfies Egs. (7)—(9). We
consider this system in the low-friction limit [2 (0) <o
where Z(w) is the Fourier transform of Z ()], and show
that the assumption of rapid phase randomization of the
driving field makes it possible to derive a reduced
Fokker-Planck equation for the system’s energy, which in

turn is used to obtain a simple equation for the low- .

friction escape rate. This should be contrasted with the
deterministic limit (I’—0, 7-—0) of the same model
where the energy and phase variables vary on the same
time scale, giving rise to multiple field-drive steady states
and, for strong enough driving, to deterministic chaotic
motion.

The observation that rapid dephasing of the driving
force results in a simpler description of the stochastic
dynamics suggests that, since the phase of interest is
presumably the relative (difference between the system
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and the driving field) phase, similar simplification will
arise from dephasing processes associated with the motion
of the system. This leads us to consider (in Sec. III) such
dephasing processes which arise from the presence of the
thermal noise R (¢). In this context we find it useful to
generalize Eq. (10) to include multiplicative noise terms
g(x)R.(2). In the presence of such terms [and also for the
case of purely additive noise if the potential V(x) is
anharmonic] it is possible, in analogy to quantum statisti-
cal mechanics, to distinguish between pure dephasing
(T,) processes and dephasing associated with energy re-
laxation (T';) processes. We confirm in Sec. IV our ex-
pectation that in the presence of strong internal dephasing
processes reduction to a simple energy Fokker-Planck
equation is possible and an expression for the low-friction
escape rate easily follows.

The validity of this model to describe laser-induced re-
actions in condensed phase is uncertain, even though such
models have been used for this purpose before.!%!! The
reason for this is that many laser-induced processes are
better modeled as a quantum-mechanical system involving
only the limited number of discrete states which resonant-
ly interact with the radiation field. In other cases where a
classical model is advantageous because the number of
quantum states is too large we should be concerned about
rapid thermal relaxation and consequently heating of the
environment, in contrast to the model assumption of fixed
temperature. Provided that this assumption holds, the
present model should be useful for quick estimates of the
effects of oscillating driving fields on escape processes. In
this respect it should be mentioned that some of the
current experimental work on laser-induced desorption’
mostly uses the laser as a fast heating device. It is of
great interest to perform similar experiments using the
laser to excite directly the adsorbate-substrate bond.!?
Such a process will be directly related to the calculation
described below.

A recent experiment by Devoret et al.® has demonstrat-
ed that the transition from the zero-voltage state to the
nonzero-voltage state of an underdamped current-biased
Josephson junction may be resonantly activated by a weak
microwave perturbation. The model discussed in Sec. IV

_ is directly relevant to this experiment. We further discuss

this application in Sec. V.

A recent paper by Faetti and Grigolini'? discusses the
effect of an external radiation field on the escape of a par-
ticle from a potential well. These authors discuss the
high-friction (diffusion) limit in which the well motion is
overdamped leading to elimination of resonance phenome-
na. Here we are concerned with the opposite low-friction
limit and with the resonant response of the activation pro-
cess.

II. PHASE-DIFFUSING DRIVING FIELD
IN THE LOW-FRICTION LIMIT
We start from the Langevin equations

X=v, (12)
. 1 dV(x) ! .
== dr fo drZ(t —7(7)
1 1
= — 13
+MR(t)+ MF(t) , (13)
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where R is a Gaussian random function satisfying
(R)=0and

(R(t])R(t))=MkpTZ(t,—t;), (14)
(F(t)F(t;))=MY(t;—t;) . (15)

The correlation functions Z(¢) and Y (¢) decay to zero on
time scales 7, and 7% respectively. We assume that the
time scales characterizing the process satisfy

o(E)" ' << 7,7l <<(dInE) /™", (16)
where w(E) is the frequency associated with the potential
V(x) and with the particle’s mass M and energy E.
Under these conditions we can use a reduction procedure
identical to that described for the purely thermal case
[Ref. 1(e), henceforth referred to as I] to derive a Smolu-
chowski equation for the energy. To this end we
transform (x,v) to the action-angle coordinates (J,¢) and
expand

x(d)= 3 x,(Ne™, (17

n=—o0

()= 3 v,(Ne? (18)
n=—cw
[note that v, (J)=inw(J)x,(J), ®(J)=0E (J)/3dJ].

Using the method in I (this method involves calculatlon
of moments of the form ([AJ,(7)]"[Ad,(T)]") where
AJ(T)= f "dt'J(¢'). In this calculation we neglect, as
usual, terms of order 7, n> 1, and also terms of order
[ﬁ(a))/w]”, n>1. Z(w) is the Fourier transform of Z ()
and the latter approximation corresponds to the low-
friction limit) we obtain the following Fokker-Planck
equation for P(J,¢,1):

ap(g; ) [ P+L,P, (19)
Lo=2e) kp T2 4o | +TD 2 —an 2,
o~ as aJ d¢>? 3¢
(20)
& 1)
LMD
L= Jy(J) +AMJ) s +n(J a¢
where!?
e=2M 3 n’x}Z%, (22)
n=1
0 dx,, 2 Mk de 2
F(J)=2MkBTn§1 _‘5‘ + B dJ ?’,
(23)
d = d(x) 5,
QN =0)—M |k dJ““’(J) zln 2
(24)
=2 3 n2x2¥e, 25)
n=1 )
2
(J)_zMEl dJ ye, (26)
=ML 3 d0xu) 5. @7)
M=y = Tdr e

Y= fomdtﬁ(t)=28, (28)

and where Z$,Z;,Y:, Y
transforms, e.g.,

are cos and sin Fourier

Z(w)= f0°° dt Z (t)cos(not) ,
Zi(w)= fow dt Z (t)sin(nwt)

and depend on the action J through the J dependence of
. Integratmg over ¢ and using the factzthat P has to be
periodic in ¢ we get [setting P(J)= d¢P(J,$)] the
Smoluchowski equation

N\,

APWU,H) D )
3. =a7 |0 |kaT5;+el) [PU
—}L(J P(J 1, (29a)

where J is the action variable. We can get the corre-
sponding energy equation using the transformation
J—J(E), dJ =dE /w(E). This leads to

SEED _ 2 Ipum) kBT§E+1]w(E)P(E,t)
+2 |DyB)-LaEPED]| (29
JoE oE
with
D(E)=w(E)e(E) , (30a)
D»(E)=o(E)u(E) (30b)

The results (29) and (30) are a generalization of the
energy-diffusion equation obtained in the absence of the
external phase-diffusing driving force (D,=0). It is in-
teresting to note that (29b) may be written in the form

AP(Es) 3

o o |PVE

d
kpTerr(E) o0 +1

(31

where the energy-dependent effective temperature is given
by
DAE)

T E)=T + —2 32
i EV=T+ 31 &) 2

The general steady-state solution (3Pgg/3t =0) of Eq.
(31 is

Pos(E)= ‘?E) J— [ fOEdE',B(E’)]

4, fE dE'B(E’)
o(E) Dy(E")

exp [—— fEE,dE”B(E”)] ,
(33)

where
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B(E)=[kgTex(E)]™", (34)

and where 4, and A4, are constants. One of them may be
determined given a normalization condition and the other
is easily shown to be the steady-state current

1B -2 41

_]SS=—.D1(E) dE

o(E)Pss(E)=A4, . (35)

The equilibrium solution (in the presence of the driving
field) corresponds to zero current, '

Ay E
hexp [— JdE B(E)] : (36)
In the very-low-friction limit the barrier energy Epg
may be considered to be an absorbing boundary for the
diffusion motion described by (31), i.e., Pss(Ep)=0. This
and Eq. (33) imply

A1=A2f dE 'B(é)éxp[f dE"B(E") ] 37

Py(E)=

The rate is given by

E
k :jss/ [, dE Pss(E) (38)
which, using (33)—(38), results in

k= [f dg—BE) _

—1
—1 ’ 1
o(E)D,(E) LB IR dEPeq(E)] :

(39)

The following observations can be made concerning
these results.

(a) When B(E) is replaced by (kzT)~! the result (39)
becomes identical to the low-viscosity rate obtained in the
purely thermal case (see paper I).

(b) The effect of the phase-diffusion driving force enters
through the (generally energy-dependent) effective tem-
perature T (E). To see this effect more explicitly we
may consider the harmonic-oscillator case together with
the simple choices

zi="Te"", (40)

TC
Y(t)=F 2 ~Tcos(wgt) . 41)
7. and 72=T""! are the thermal and the driving-force

correlation times, respectively. Equations (22) and (25)
become [in the harmonic-oscillator case only the term
n=1 appears and x,=(J/2Mw)"*=0~Y(E /2M)'/?]

n=Lt—¥r 42)
o 1+(wT,)
JF? r
2 I’4(wg—o)?

()= (43)

(in (43) we disregard a small term proportional to
MM+ (wg +®)*]~1). Using Egs. (30), (32), (42),.and (43)
we get

F? 1+ (o7, )?

k Te =k T+ . (44)
BRI T Ty 14 [(wg —w) /T
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We see that T goes through a maximum near the reso-
nance condition wzp =w (@ is the oscillator frequency).
The phase-diffusing driving force results in a thermallike
kinetics with a renormalized temperature which is
resonantly enhanced relative to the bare temperature.

(c) The result just discussed is in sharp contrast to that
obtained for a coherent incident radiation field. For this
case in the harmonic limit the equlhbnum distribution is
given by Eq. (3) and has a maximum for E = =E where
resonant behavior enters through the resonant nature of
E, Eq. (4). In the present case the driving field enters
through the effective temperature. Physically the differ-
ence between the two situations arises from the fact that
in the former one the deterministic (7—0) system has a
well-defined phase relative to the radiation field while
here, because of the field’s phase diffusion, this coherence
is lost and the field operates in this respect as a tempera-
ture source. Remarkably, this effective-temperature source
still maintains its resonance properties.

(d) As in other calculations of the escape rate a first-
order kinetics characterized by a constant rate is valid
only when the well depth is much larger than k3T so that
the long-time dynamics reflects the establishment of a
quasisteady distribution in the well. Note that the mean
first passage time to go from some initial energy Ej to Ep
is given by

_ " _dEBE) -1 % ,
{EpEo)= [4, wmpyg Pt PI " [y dEPel(E)

(45)

and that another common expression for the steady-state
rate is

Eg —1
= [ [, dE Ps(E)(Ep,E) | . (46)

For sufficiently deep wells, 7(Eg,Eq) is a very weak func-
tion of E, up to energies close to Ep so that for a tem-
perature sufficiently small relative to Ep the results (46)
and (39) are practically identical.

(e) The qualitative difference observed between the ef-
fect of a fully deterministic and a phase-diffusing periodic
force has been attributed to the rapid elimination of the
relative phase between the particle motion and the driving
force. This suggests also that fully deterministic driving
forces may lead to stochastic dynamics similar to that ob-
tained here (i.e., governed by a field-dependent effective
temperature), provided that the thermal fluctuations af-
fecting our system result in a rapid erasure of the same
relative phase. In the harmonic-oscillator example of Ref.
6 (reviewed above) such a dephasing process is absent (due
to linearity of both the system’s deterministic motion and
of its coupling to the bath). As we shall see below, when
strong dephasing prevails (usually a consequence of multi-
plicative random noise and/or strong anharmonicity of
the deterministic motion) the energy-diffusion equation is
again controlled by a field-dependent effective tempera-
ture. Before turning to this we shall briefly discuss the
origin of dephasing effects in classical stochastic dynam-
ics.



32 NON-MARKOVIAN THEORY OF ACTIVATED RATE... . V. ...

II1. DEPHASING IN THE LOW-FRICTION LIMIT

Dephasing process are usually discussed in their
quantum-mechanical context, referring to the destruction
of the quantum-mechanical phase of a system due to its
coupling to the thermal environment. It is customary to
distinguish between pure (proper) dephasing ( T,) process-
es, which lead to phase destruction without energy
change, and total dephasing, which includes also the ef-
fect of energy-changing (7';) interactions. In quantum
mechanics pure dephasing is associated with the diagonal
(in the system energy eigenstate representation) part of the
system—thermal-environment interaction. As we show
below, the analogous process in classical mechanics is
often (but not necessarily) associated with the presence of
multiplicative random noise.

Several authors!4—171™") have recently discussed the ef-
fect of multiplicative random noise on the escape of a
Brownian particle out of a potential well. For the low-
friction limit of the non-Markovian problem modeled by

=_'_A1Zé%(fl_f(x(t>)fo’drzu_ﬂf(x(r))u(f)
+Ill—f(x(t))R(t), (48)
(R(1))=0, (R(t{)R(ty))=MkpTZ(t;—t;) (49)

we have shown!™ that the energy distribution evolves ac-

cording to the Smoluchowski-like equation

OP(E,t) _ 0

dt  OE e

a
kgT—
B aE—H

a)(E)P(E,t)} ,

(50)

where

D(E)=2Mw(E) 3 n?|G,(E)|’Z{(w(E), (51

n=1

and  _where G,(E)=G,(J(E)) is related to G(x)
= dx'f(x') by [using the transformation (x,v)

—(J,4)]

GUp)= 3 G,(WDexpling) . (52)

n=-—o0

Note that D;(E) of Eq. (30a) is a special case of Eq. (51)
in which f(x)=1 and G (x)=x.

It should be noted that Eq. (48) may be derived from a
microscopic model'®!® only for the special case where the
friction kernel does not depend on the particle’s velocity.
This is not generally the case and a rigorous derivation of
reduced stochastic equations describing the motion of a
subsystem coupled nonlinearly to its thermal environment
leads to more-complicated equations (see Refs. 18—21 for
further discussions of this issue). Equation (48) may still
be derived for special cases. Here we use this equation as
a model for a simple demonstration of the dephasing pro-
cess.

Pure classical dephasing may be understood in terms of
the general equations of motion for the particle in the
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action-angle representation
J'=~9£=—9—KS-B—, (52")
¢ d¢
.=§£=6(HS;-IVSB) ’ (52"

where H is the total Hamiltonian (including the thermal
environment), Hg the system’s Hamiltonian, and Vgg the
system-bath interaction. Expanding

Vse= 3 VaPAde? (53)
n=-—o00

where V. SPX(J) depends on J and on the thermal bath
coordinates, it is obvious that the n=0 term of (53) leads
to a time dependence of ¢ due to the system-bath coupling
which is not associated with a corresponding time depen-
dence of J. The n=0 term in (53) is thus a source of pure
dephasing (“T, processes”) while the n=<0 terms induce
both phase and energy relaxation.

For a harmonic  oscillator [where x(J,¢)
=Vv'2J /Mo cos¢] pure dephasing interactions can result
only from contributions to ¥gg which are nonlinear in x.
In general, however, even linear system-bath coupling
may lead to pure dephasing. For example, for the Morse
oscillator (V(x)=D {exp[ —(x —X)/a]—1}?) it may be
shown that »

2

xo(J)=f—aln-1—2—_{% s (54)
where

A=1—J/(2MDa*)'"* (55)

so that even linear (in x) coupling leads to a pure dephas-
ing contribution. In order to apply these observations to
the problem described by Egs. (47)—(49) we follow the
procedures of Refs. 1(b) (paper I) and 1(h). Defining

Gx)= [Tdx'f(x"), (56a)

G =f% (56b)

and transforming G (x,x)—G (J,9), G(x,%)—G(J,$) ac-
cording to

GUd= 3 Gy,

n=-—oo

(57a)

CUp= S inoWG, e

n=-—o0

(57b)

[note that G,(J)=inw(J)G,(J)], we get [in analogy to
Egs. (29) and (39) of I]

J=M ¥ 3 ' @G Gy Z et +19

n=—con=—ow

+iR (2) i nGne™?, (58)

n=-—ow0
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) ® dG, .
b=w+M > 3 in'wG, ——Z in+n)
n=—ocn'=—cw d
» dG, .
—R(t —Teinf (59)
( )n_z_w 7€
Here Z,(w)= [ " dte™Z(1)dr. Obviously the n=0
" terms contribute to ¢ but not to J and may be therefore
viewed as sources of pure dephasing.
In Ref. 1(h). Egs. (58) and (59) were shown to lead to the
following Fokker-Planck equation for P(J,é,t):

P(J,$,t) 3 9
=g |6 |k T o) P(J,¢,t)]
3%P
rJ —ane 60
+T( )a¢2 () 36’ (60)

where €(J), I'(J), and Q(J) are given by equations similar
to (22)—(24) in which x, is replaced by G, everywhere.
In particular

2

dGy

dJ

[(J))=2Mk;T S,

n=1

dJ

(61)

[where y =2 “(@w=0)] may be identified, by inspecting
Eq. (60), with the phase diffusion rate. In accord with the
discussion above we also identify the n=0 term

dG,
aJ

o)) =Mk Ty (62)

with the pure dephasing rate. In many cases, in particular
when the characteristic system frequency is much larger
than the typical frequency (e.g., the Debye frequency) of
the thermal bath, ¥ is much larger than Z;(w), n>0, and
consequently

To>> | TN =Ty .

Similarly I’y is often much larger than the energy relaxa-
tion rate (measured by!™ [(dInE /dt);_o=wD(E)/E]).
These points are further discussed in Appendix A.

As is well known from other (mostly quantum-
mechanical) treatments, when the dephasing is much fas-
ter than the energy relaxation rate, it constitutes the major
contribution to the linewidth of the spectrum associated
with the well motion. This point is demonstrated for the
present classical model in Appendix B, and serves to fur-
ther justify the identification of T'y with the pure dephas-
ing rate.

In Sec. IV we investigate the motion of a generalized
(non-Markovian) Brownian particle under the effect of
external periodic force. The assumption that the driving
field is chaotic in the sense defined in Sec. II is dropped.
Instead we assume that pure dephasing is so fast that at
any time ¢ the phase distribution is uniform [i.e.,
P(¢)=1/27]. This assumption is satisfied in the low-
friction limit in the absence of the external field, for the
coarse-grained time scale on which the energy diffusion
equation is valid. In the presence of the external driving
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field it implies that the phase diffuses due to the thermal
interactions faster than the field manages to restore it. To
obtain a more quantitative criterion for the validity of this
assumption we anticipate results of Sec. IV and consider
the following simplified form for the time evolution of
the phase, ¢, in the presence of an external field which
adds a term ,u(x)cos(coR t) to the Hamiltonian

b=w— 1/~0p(t)—

where {p)=0 and (p(O)p(t))=26(t); Ty is given by (62)
and p(J) is a coefficient in the expansion
px)= p,(JN)e™®. Equation (62) is a simplified ver-
sion of Eq. (73b) where we keep only the lowest-order
terms in the driving force and in the thermal noise and
where we focus on the Markovian limit.

Equation (63) may be simplified and solved for small
detuning (w~wg). This is also the case most relevant to
our issue because we expect the external field to oppose
the thermal erasure of the phase most efficiently near res-
onance. Denoting z=¢ —wgt we derive in Appendix C
the steady-state distribution Pgg(.>) associated with Eq.
(63)

cos¢ cos(wgt) , (63)

(n2—p}sinz) /T,
Pgg(r)=Ne ™1 0

—2m /T,

1+(e -1

fOIdE exp( —n.?-—u’isin.?)/l“o

fohdz exp(—nz—puisinz) /Ty

(64)
where n=w—wr and pu)j=dui/dJ. Pg(z) is easily
shown to be periodic in .z as should be. In Fig. 1 we show
this function (at resonance, n=0) for different values of
the parameters uj/Ty. When this parameter is much
smaller than 1 we indeed get a practically uniform distri-
bution. In what follows we take the condition for a uni-
form phase distribution to be

0.8 T T T T T T
0.6 -
8
2 04 —
o
L 4
/’\\\
02 P 4 . vemeran \\ 7
L lofr i e e
f ST
1 1 1 1
0'00.0 m 2w

FIG. 1. Pgs(.=r) plotted as a function of .= for the resonance
case, 7=0. Solid line, u;/Ty=4.0; dashed line, u;/T(=2.5;
dotted line, u) /T(=0.0625.
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dp
—— /I 1, 65
T, /To<< (65)
- where we should keep in mind that du,/dJ and I'y appear

here as leading orders of more complicated expressions.

IV. EXTERNAL dSCILLATING FORCE
IN THE FAST-THERMAL-DEPHASING LIMIT

We now focus on the model described by Egs.
(47)—(49), now supplemented by the presence of an oscil-
lating force

X=v, (66)
—Ill‘g?c*)—f(xm) fthZ(1—~'r)f(x(T))v(7')
1 _ 1 dulx)
f(x(t))R(t) M dx cosy (67)
z/'z=coR - (68)

Here we have taken the particle—external-field interaction
to be represented by the potential p(x)cosy where ¢ satis-
fies (68) and where u(x) is some function of the particle’s
coordinate which also depends on the external field inten-

+ sity. Transforming to the particle’s action-angle variables
(J,¢) associated with the deterministic undamped motion
in the potential V(x) (using the procedure of paper I),
Egs. (66)—(68) are replaced by

J=—M 3 inG, (e [ drZ(t —1)e" G, ()
n,n'
+cosyy S inp,e™+R(1) Y inG et (69)
n n
dG, .
ing(t)
b= w(J)+M2 T ]te
)ei""ﬁ(T)G-,,r(T)

X fothZ(t—-’T

m¢ (70)

—coszpz e _R(t )2

Y=owg , (71

where G, is defined by (52) and where!™) G, =inw(J)G,.
As in paper I we focus on the low-friction and short
environment-correlation-time limit

|

(J

)
ICLLSN T

duR (u) |o T

D(r)=ewr+ 2 f

d,LL(J)
( n
i 2

uoR u—t) 2

n

_eubft-{-T

AJ(I-—I (u)
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o(N>>rilssy= [TdtZ(o (72a)

and in addition we assume that the external force is not
too strong so that??

o(J)>>du, /dJ (all n) .

In addition we shall make use of the fast-dephasing as-
sumption (65).

Our aim is to reduce Egs. (69—(71) to a
Smoluchowski-type equation for the action variable J. To
this end we first follow the procedure which leads to Egs.
(29) and (30) of paper I, eliminating the memory terms.
This leads to

j: zB(J) iln+n' )¢+COSIII2/J,(J) ing

nn

(72b)

+R (1) 2 aleind (73a)
¢ o+ sz) iln+n')¢__ COS1/} E;L(¢)e’"¢
n,n
—R() 3 g, (73b)
where
(J)—mG,, , (74a)
=dG
(@) n
ol (74b)
B{l)!= —nn'MwG,G,2, , (75a)
B\®) =in 'Mcud—G—G (75b)
dJ
:u'(nj)—ln.u'n ’ (76a)
du ‘
(¢)_ “ln

and where, as usual, Z = f dt e™®*Z (t). Note that o}/
and o'¢ are equivalent to o, and u, while B\ and B,E;?
are equivalent to B, and C,, of paper L.

To reduce Eq. (73) to a Fokker-Planck equation we use
an iteration procedure similar to that used to perform a
similar task in paper I. Here we give only an outline of
the derivation. The iteration equation’s equivalent to (40)
and (41) of I are

exp{in[¢+ A" ~P(w)]}

exp{in[¢+Ad"~V(w)]} +c.c. |, an
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t+T
ApP(r)= fz du lw+%AJ”“”(u)

do?
U(Il¢)+ ___dT”AJ(I—l)(u)

=3 [ Taurw

ot ; _ dulp
_ %e”"‘ft TduemR(u t)2 ‘,ll,(,,¢)+ My A
n

aJ

In these equations nonargumented variables are evaluated
at time ¢ (i.e., the first term on the right-hand side of (78)
is L'+Tdu{a)[J(t)]+(dco/dJ),AJ”_”(u)} and the incre-
ments AJ,(7) and - A¢,(r) are defined by
AJ (1)=J (t +7)—=J (1), etc.). Also in Eq. (77) we have
anticipated a simplifying feature (see Appendix B of I) by
. : . (J)
replacing a term involving 2,,’ nBnn' by €07 where

eN=M 3 n?|G,|*2Z,=2M 3 n?*|G, |2,
n=-—cw n=1
while in (78) we Thave neglected the
En’n.B,(,ﬁ)ei("Jr"')‘i’ which is small compared to @ (or else
we could have added its diagonal part to w as a small fre-
quency shift).

The iteration procedure used here differs from that in I
by one important detail: there we have followed the usual
procedure of expanding e™24—=1-+inA¢ using the fact
that the coarse-graining time 7 of Egs. (77) and (78) is
much smaller than a typical oscillator period (2mw~!).
Here this is still true; however, following the same pro-
cedure we encounter potentially divergent denominators
like (wg —nw)~!. This divergence has the same source as
that encountered in treating coupling between a (classical
or quantum) oscillator and the radiation field in low or-
der. To eliminate it we are forced to keep A¢ in the ex-
ponent, which leads in the course of the iteration pro-
cedure to the appearance of exp( f R) terms (R is the
random force). The latter are handled by cumulant
averaging techniques which are easily carried out since R
is a Gaussian variable. It should be noted however that
while in I we perform a systematic iteration procedure to
third order (while showing that higher-order contributions
are negligible), here we keep higher-order contributions
when necessary to renormalize o (thus avoiding the diver-
gencies mentioned above). We should also note that in ad-
dition to neglecting terms small in the thermal interac-
tions (using 7 /@ << 1) as well as contributions of order 7/,
I>1to (AJ) and (AJ?) (see paper I) we also use repeat-
edly the inequality (72b). Furthermore, in performing the
averages that lead to (AJ) and (AJ?) we use the strong
dephasing approximation, assuming that ¢(#) is uniformly
distributed in O, . . ., 27.2> We thus take an average over
the ¢ distribution [(27)~! [ 02”d¢] together with an aver-
age over the thermal noise R (2).

With these additional complications the evaluation of
(AJ) and (AJ?) proceeds as in paper I and will not be
reproduced here. We only give in Appendix D an exam-
ple (evaluating the average of one of the terms that contri-
bute to (AJ)) in order to demonstrate our method and
approximations. The final result is

term -
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exp{in[¢+Ad" ~(u)]}

JU'=Yw) lexplin[¢+As"~D(w)]} +c.c. | . (78)
I
d da
(AJY=T —w(J)e(J)+kBTd—;+kBTE+n(J) ,
(79)
(AJ?Y =2kg Tr[e()+A)], (80)
where
eN=2M 3 n?|G, |25, (81)
n=1
4 2
1 & n'lp,|To/kgT
M) == , (82)
: 2 ,Z‘l (no—awg ) +n*T}
2 2
1 & 4 ZdFO n4F0—(naJ—a)R)
J = n ’
M=y 2 e LT (o —an PP

(83)

and where T'o(J) is given by (62).
Fokker-Planck equation for P(J) is

The corresponding

oP(J,t)  d 0 | €w—7
T —aJ (e+A) kBTaJ+ Py P{J,1) | .
(84)
Transforming from J to E and defining
D(E)=(6a)—7])J.__J(E) ’ (85)
—n/w
B(E)=(kyT)~" | £=122 (86)
e+ _im
we get
OP(E,t) 9 1 9
o " 8E D(E) —B(E) aE+1 P(E,;t) | . (87)

Equation (87) is identical in form to Eq. (31) and leads to
equations of the form (33), (35), (36), and (39) for the
steady-state distribution and flux, the equilibrium distri-
bution, and the steady-state escape rate. In particular, the
latter is given by

-1

Ep B(E) (e (B
[, dE— [Py (E)] ™ [ dE'Pey(E")

k= o(E)D (E)

(88)

where B(E) and D (E) are given by Egs. (85) and (86) and
where

P (E)=

exp

Al E , ,
B [, dE'BE )] : (89)
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[A; is determined by normalization. Note that its value
does not affect the result (88).]

In the absence of the external field (p=A=0) Eqg.
(89) reduces tg/ktlTle purely thermal result P (E)
~[A4;/w(E)]le” """2". In the presence of the field we ex-
pect the effective temperature B~ (E) to be larger than
the actual temperature. From (86) this implies

e—n/w <1

A , (90)

ie.,
o>n/A. 91)
Using Egs. (82) and (83) it is easy to show that

n(J)/AMJ) <kgTdInT'((J)/dJ. Thus a sufficient condi-
tion for (91) to hold is

o> &y 7200 92)
‘ dJ
or, integrating over J,
E(J)> kBTln—rM (93)
I'(0)

which holds for all relevant E (J). Thus indeed the field-
induced effective temperature is larger than the actual
temperature.

More explicit results may be obtained by treating spe-
cial cases. Consider, for example, a harmonic oscillator
[(1/M)dV /dx =w*x in (67)] with

f(x)=1+-’§i (94)

and
p(x)=ax . (95)

The parameter £ measures the strength of the multiplica-
tive stochastic noise while a is proportional to the ampli-
tude of the external field. Using G (x)=x +x2/2¢ we get

172
J
=, = | =7, 6
Go 2MwE’ Gt (ZMw » G2 4M o€ ©6
G,=0 for |n|>2.
From (62) we have
kgT
o=“_B 272 97
AMw
so that n of Eq. (83) vanishes. Usitn/g for the noise corre-
lation function Z(5)=(y/r)e ¢, ie, Z5i=v/[1
+(nwT,)*], we obtain from (81) (using also E =wJ)
Ey 1 E 1
€=—+r (98)
@? | 1+(07.)?  2Mo*E? 1+ Qw1 )?
and from (82)
r 2 2
A 0 a’E/2Mo (99)

T 2kpT (0—wg)+T3
Equations (85) and (86) yield

D(E)=¢w ,

1

B(E)= %y T

-1
1+i[ .
€

In particular, using (98)—(100) leads after a little algebra
to

[FaepE)=— |E—cn |14+ —E
0 kT c1+¢; ’
(101)
where
a1+ Qwr,)*] 1
= (102)
! 8M (0—wg)+T}
while
kgTy 14+ Qor,)?
¢, BV 20T (103)

2y 1+ (o7, )?

The presence of the oscillating external field obviously
make the higher-energy states more probable. This effect
is characterized by a resonance behavior and is maximized
for w=wpg. Unlike the result obtained in the absence of
dephasing (Ref. 6 and Sec. I) the equilibrium distribution
does not peak sharply at any E>O0 but, more like the
chaotic external-field case (Sec. II) may be characterized
by an effective temperature. This can be clearly seen
at resonance, where for energy sufficiently small
[E /(cy+c,) << 1] Eq. (101) may be approximated by

1
kgT

C

1—

E, 104
2(ci+cy) (104

S dEpE)~

so that P, (E) is a Boltzmann-like distribution character-
ized by the temperature
(o3 -!

_— 105
2(6‘1"‘(‘2) ( )

Tege= [1—

V. NUMERICAL RESULTS AND DISCUSSION

In what follows we shall refer to the model reviewed in
Sec. I (no dephasing) as model I, to the external-field de-
phasing model of Sec. II as model II and to the intrinsic
dephasing model of Sec. IV as model III. These three
models are compared in the Markovian limit for a har-
monic well (with a cutoff at E=Ep) in Figs. 2 and 3.
Figure 2 shows the escape rate k [expressed in terms of
In(k /ko) where kg is the corresponding rate in the ab-
sence of the external field] as a function of the external-
field frequency wpg (in units of the well frequency ). In
Fig. 3 the equilibrium distribution P.(E) is displayed as
function of E for the three models in the presence of the
external field and for the purely thermal system (no exter-
nal field). The parameters used in these calculations are
v=0.01, the phase-damping rate in model II I"'=0.025,
the intrinsic dephasing rate in model III I'4=0.025, all in
units of the harmonic-well frequency @, Eg=238.0 (in units
of kpT), and the external-force amplitude a=0.03 [in
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In(k/kg)

wp/w

FIG. 2. In(k /kg) vs wg /o for the harmonic well models dis-
cussed in Sec. I (no dephasing, dashed-dotted line), Sec. II
(external field dephasing, solid line), and Sec. IV (intrinsic de-
phasing, dashed line). Parameters used in this calculation are
given in the text.

units of (kzTM?)'/2]. The results of Fig. 3 are for the
resonance situation wg =w. The full lines in these figures
correspond to model II, the dashed lines to model III, and
the dotted-dashed lines to model I. The dotted line in Fig.
3 corresponds to the purely thermal (no driving) case.
The following points should be noted about these results.

(1) In Fig. 2 the resonances are symmetric and centered
about the harmonic well frequency. Their widths are
determined by the choice of ¥ and T or I',. All these
features are characteristic of the harmonic situation.

(2) The sharpest resonance in Fig. 2 is that associated
with model I. This results from the absence of a dephas-
ing contribution to the width in this model.

(3) The resonance enhancement of the escape rate in
model III is seen in Fig. 2 to be substantially smaller than
that of model II. The cause for this difference may be
traced to the difference between the effects of the
external-field dephasing and the intrinsic dephasing asso-

1.0k

Peq(E)

80

FIG. 3. P(E) vs E/kyT for the harmonic well models
displayed in Fig. 2. Line notation is as in Fig. 2. The dotted
line represents the distribution obtained in the absence of the
driving field. Parameters used in the calculation are given in the
text.
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ciated with the multiplicative random noise. The latter
affects the higher-energy states of the oscillator much
more strongly than the former, effectively taking these
states out of resonance with the driving field, thus reduc-
ing the resonance enhancement.

(4) While the three models yield qualitatively similar re-
sults for k /k, (namely, resonance enhancement of the es-
cape rate), the effects of external driving on the energy
distribution function (Fig. 3) lead to qualitatively different
results: As discussed in preceding sections and as seen in
Fig. 3, in the absence of dephasing an external periodic
force leads to a peak at finite energy in P (E) while in
the presence of strong dephasing this peak is absent and
the enhancement is best associated with a (generally E-
dependent) effective temperature.

(5) The rates displayed in Fig. 2 were calculated from
the low-friction expressions [(5) for model I, (39) for
model II, and (88) for model III]. Alternatively we could
invoke the transition-rate-theory assumption (valid for in-
termediate thermal relaxation rate within the well) that
the rate is proportional to the equilibrium population
P, (Ep) near the threshold energy, and use Egs. (3), (36),
and (89) for models I, II, and III, respectively. As seen
below, both assumptions lead to qualitatively similar re-
sults. (For sufficiently deep wells these results should be-
come identical; see paper I.)

Resonant enhancement of activated rate processes is a
common phenomenon in multiphoton photochemistry
where in many cases we have enough spectroscopical data
to make a quantum treatment possible. Recently Devoret
et al.® have observed resonant activation of the transition
from the zero- to the finite-voltage state of a current-
driven Josephson junction induced by a weak microwave
perturbation. This phenomenon provides a potentially
important tool for determination of the junction parame-
ters. For such an application, however, the origin of fric-
tion and the possibility of dephasing have to be con-
sidered.

The main qualitative difference between the results
displayed in Fig. 2 and the experimental results of Ref. 8
lies in the details of the line shape. The resonance ob-
served in Ref. 8 is asymmetric with a tail on the low-
frequency side, and its peak is shifted to the red relative to
the estimated well-bottom frequency. Both these features
have been previously observed in multiphoton dissociation
of large molecules and are associated with the anharmonic
nature of the well, namely the existence of lower frequen-
cies associated with higher-energy states in the well.

In Figs. 4 and 5 we present calculations done with an
anharmonic model-—a Morse oscillator. The choice of
this model makes the calculations described in Secs. II
and IV particularly easy because the functions E(J) and
o(J) and the coefficients of the expansion
x=3,x,(J)e™® are known analytically (see, e.g., paper
I). Focusing on model III we have thus taken in Eq. (67)

V(x)=EB(e—2x/a___ze —x/a) ,
X

fxX)=1+ £

and
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wr/wg

FIG. 4. In(k /ko) vs wg /wo for model III with Morse poten-
tial. Parameters used for the solid line are aa/kzT=0.45,
Ep/kT=8.0, £/a=0.42, and y=0.0225. Dashed line is ob-
tained when the external-field strength a is reduced by a factor
of 10.

ulx)=ax ,

The parameter a is related to the well bottom frequency
wo by a=(Mw}/2Eg)"’? and the energy dependence of
the frequency is w(E)=wo(—E/Eg)'”%. The parameters
defining the Morse potential were taken so that the pa-
rameters Ep (=8kT) and w, were the same as those given
in Ref. 8. In Figs. 4 and 5 we show the results obtained
for k/ky [k and kg calculated from Eq. (88)] and for
P (Eg)/Pcy(Epg) [calculated from Eq. (89)] where k, and
P?, correspond to the purely thermal (no driving) limit.
As discussed above, the former result corresponds to the
extreme low-friction limit while the latter describes the
rate ratio expected under conditions of fast thermal relax-
ation in the well so that the escape rate is proportional to
the equilibrium population near the threshold energy. In
both cases we have chosen the parameters a, &, and ¥ to
yield the experimentally observed yield and red shift.

The results of both calculations are in qualitative agree-
ment with the observations: the red shift of the peak and

0.6 08 1.0 1.2
wg/wg

FIG. 5. In[Pey(Eg)/PY(Eg)] vs wg /wo for the same model
as in Fig. 4. Parameters used for the solid line are
aa/kpT=0.35, Ep/kT=8.0, &£/a=0.25, and y=0.0225.
Dashed line is obtained when aa/kpT is reduced by a factor of
10.

the asymmetric red tail are clearly observed. The reso-
nance width is about twice as large as the width observed
experimentally. At the temperature considered, this width
is not very sensitive to the choice of ¥ and & and is mostly
determined by the frequency spectrum of the potential
(Morse in our case, cosine in the actual system). This is
seén by the narrowing observed when the external force is
reduced (dashed lines of Figs. 4 and 5). In this case the
resonance is governed by the field-induced dynamics
closer to the well bottom. This leads to a smaller red shift
of the peak and to a narrow line. The asymmetry be-
comes more pronounced because the main contribution
(near wg) now lies to the blue of all other frequencies.

Similar calculations on model II yield qualitatively
similar results. )

We should end this discussion by noticing that there is
no evidence that dephasing effects play an important role
in the experiment of Devoret et al.® Such an evidence
can be obtained in principle by monitoring the well distri-
bution function [point (4) above ] but this is not a feasible
measurement. The microwave source used in Ref. 8 is
likely to be very coherent. On the other hand, intrinsic
dephasing always exists in an anharmonic system even in
the absence of a multiplicative noise>* and when the exter-
nal driving is weak enough (as may be the case here), may
lead to the strong dephasing limit discussed here and in
Sec. IV.

VI. CONCLUSIONS

We have treated a classical non-Markovian model of
activated rate process in the presence of an external
periodic force. In particular we found that dephasing ef-
fects (both those associated with the driving field and in-
trinsic dephasing associated with the coupling between the
system and its thermal environment) may lead to qualita-
tive changes in the escape process. Our results may be
relevant to recent experiments® on microwave-induced
resonant enhancement of the activation out of the zero-

_ voltage state of a current-biased Josephson junction.
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APPENDIX A

Here we consider the case of a damped harmonic oscil-
lator with a simple multiplicative noise

F+obx a0 [[drZ(—nx (o (n)+ xR (1),

(A1)

where a is a constant of dimension of inverse length and
where Z and R satisfy Eq. (49). For Z(t)=(y/7)e*/"
we get Z(w)=y(1+nw*?)~L Using
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x,=(J/2M®)"/?8|,, |, and G(x)=7ax> we get [from
Eq. (61)]

kBTaz
[=Cot+ s

5Z5(w) (A2)
16Mw
and [from Eq. (62)]
/ kB Ta2
Ty= . (A3)
7 sMw? 4
Similarly, from Eq. (51) we obtain
2~c a2E2 c
D(E)=8Mw |G, | ZZ(“’):__—COTZZ(‘") . (A4)
The energy relaxation rate is related to D (E) by!"
1dE| _oD(E) _Ea® =2 Z(w) . (A5)
E dt |,_, E 2M o

We see from Egs. (A2) and (A3) that the pure dephasing
rate Iy is larger than the “improper” contribution to the
dephasing provided that ¥ >>Z%(w) (i.e., ®r>>1) and is
larger than the energy relaxation rate provided that

kT oy
E Z5 (co)

In most chemical rate processes kg T /E is of the order of
10~1—1072 while ¥ /Z%(w) is of the order of wr. If we
take for  a typical value of a molecular frequency (10!
eV) and for 7! a typical cutoff frequency for liquids
(~102 eV) we get w7~ 10% This is however an underes-
timate. For o larger than the cutoff frequency wp of the
medium Z£(w) falls off with @ much faster than 0 =% a

more realistic estimate is given by the “energy-gap law”

(A7)
!

(A6)

Zi(w)~yexp(—how/wp) .

v( ein¢0ein:¢(,)) zei,,'nt<e""A¢oein'A¢(t))

1
2T
—inQt —n2Tt
’

=8n,—n'e

‘and from Egs. (B1) and (B5) we get
L(w)= fmdwcos(cot)C(t)~ > ——-L .
0 ~ (0—nQ)*+n’l

(B6)

APPENDIX C

Here we obtain the steady-state distribution associated
with Eq. (63). It is convenient to rewrite Eq. (63) in terms
of two variables, ¢ and :

du
b= co———cosqﬁ cosp—/ To(t (C1)

¢' wR -
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Using (A7) we find that the inequality (A6) is satisfied for
most realistic systems.

APPENDIX B

Here we show that when the dephasing rate is much
faster than the energy relaxation rate it constitutes the
major contribution to the spectral width of the motion in
the well. The spectrum is taken to be the cosine Fourier
transform of the correlation function

C(t)=(x(0)x(2))

— 2 zxn(J)xn'(Jxein¢(0)ein’¢(t)) , (B1)

where in the rhs of (B1) we have assumed that the energy
E (and the action J) do not change on the time scale of
interest. The time evolution of the phase ¢ is governed by
the ¢-dependent part of Eq. (60)

APWy _ o3P [P

= . B2
at ¢ 3¢? B2)
Taking A¢=¢—Qt we find for the probability distribu-
tion P(A¢) of Ad
2p
aP(A¢,t) a P(A¢;t) (B3)
ot 9(A¢)

This leads to

3 explin(Ad—Ado)—n2T1] .

n=—c0

P(Ad,t | Adp,0)=
2

(B4)
Using (B4) we get

., 2 2 in in'
5™ [T d(Ado) [ d(ASIP(AS,1 | Aggle™ Pt

(B5)

For w ~wp we replace cos¢ cosy by its rotating-wave ap-
proximation
cos¢ cosy—2 cos(p—1p) . (C2)

Transforming to the detuning variable »=¢—1 we get
(setting P =w —wg)

F=7— dJ —Lcose—1/ Loo(t) (C3)
which is equivalent to the Fokker-Planck equation
OP(xt) 3 dpy
3 = s n—Z—dJ cosz |P(z,t)
2
S e S0 (C4)

322
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A general steady-state solution of Eq. (C4) is obtained
from (u)=dw,/dJ)

, Pgg(.z)
(n—zylcOSZ)Pss(.z‘)-f’ro Eye =C 5

(CS)

where C is any constant. This yields

N —2u)sine

Pgs(2)=N exp T
0

C r=, ,
X 1+—1_‘: fO dz'exp T,

ne' —2u}sing’ l

(C6)

N is determined from the normalization requirement.
The constant C is determined by imposing periodic
boundary conditions

J

AT (T)= —To(Ne)+ 3 fordu R (u)o explind(u)]
n

g
+§ fo du R (u) T explind(u)]
+% e’ fOTdu eiwkugpf,”exp[inqb(u)]+c.c.
o
_1_ iv 7 iogu du, .
+3 ‘ fo due % =7 explind(u)]
X
where
u
du)=¢p+ou — fo ds R (s)F (u,s)
-—-;— [ei'p fouds e'™®G (u,s)+c.c. |, (D2)
Flu,s)=f®s)—(u —s)-(% Fs) (D3a)
G (u,5)=g®s)—(u -s)fjg”)(s) , (D3b)
FPAs)= 3 o expling(s)] , (D4a)
gM(s)= 3 uPexplind(s)] (D4b)

S,=3 o fordu exp
n

using the properties of Gaussian variables we get

<R(u)exp [—in foudsR(s)F(u,s) ])

=—in [ "ds F(u,9)(R (u)R (s)exp

foudsR(s)f(")(s)—f—% [ei'/’ fouds e B (s) +c.c. ]

ing+inou —-szi [e“” fouds einSG(u,s)-i-c.c. ]
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Pss(.z‘)=Pss(.l‘+27T) . (C7)
This leads to
——Zml/l"o_
C=T, € 1 (C8)

fozﬂd.z* exp[ — (ne—puisinz) /T)

which, inserting into (C6), yields Eq. (64).

APPENDIX D

Here we evaluate the term kp7T (de/dJ) appearing in
Eq. (79), and comment on the calculation of the other
terms appearing there. Repeatedly using Eqgs. (77) and
(78) in the iteration procedure discussed above we arrive
at the following expression for AJ{"(r) where [ is very
large:

foudsR(s)f(‘”(s)—i-% [e“ﬁ fouds " “RgU)(s) tc.c. ] ]

(D1)

+c.c. l ,

and where W stands for either J or ¢ and o', o, w'd),
and y.ﬁ,J) are given in Eqgs. (74) and (76), respectively. Note
that Eq. (D2) is a self-consistent equation for ¢(u) which
may be solved by iterations. However, one may expect the
iterations to converge very rapidly in the low-friction lim-
it (i.e., ® >>F,G) and in fact we are going to use

$(s)~p+ws (D5)

in Egs. (D4) whenever the divergencies of the type
(wg —nw)~! (which were discussed in Sec. IV) are not ex-
pected to appear. In particular we invoke this approxima-
tion for Eq. (D2) but we do not use it for f"(s) and
g"")(s) appearing explicitly in Eq. (D1).

Next we calculate the second S, and the third S; terms
of Eq. (D1). For the second term we have

(Rwexp [—in [ asrFwn]),  ©6

(R(s)R(s")) . (D7)

n? u u ,
> fo ds F(u,s) fo ds'F(u,s")
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Using Eq. (D5) for F(u,s) we get
[ ds Flus) [ ds'F(u,s)(R(5)R ("))

fou ds

—MkBTEexp[t n+n'N¢+ou)] f ds

n,n'

d . d (] ’ ’ ’
dJ[G,,exp(——ma)s)] E[Gn:exp(——m ws')] |Z(s —s")

2 A A
dG, dZ,(») ,d°Z,(0)
=2uMkyT 2G
uMks T3, | |\ =7 Zu(@)+26, = =+ G
= | [dG, | 4 d(G}) dZ,(w) ,dZ,(w)
= 4uMky T :
2ulo+4uMkp ’EI | Znle)+—7 FTERALIPT, (D8)

In the fast dephasing limit we assume that the term 2u Ty is much bigger than the rest of the rhs of Eq. (D8). Thus we
only consider this term whenever the double integral of the left-hand side of Eq. (D8) appears. Equation (D6) may now
be written as

: w [T ; ; 2
Sy=—iMkyT ¥ no), fo duexp [ind+inou —n’Tyu
n

i [ei‘/’ fouds einsG(u,s)—i—c.c. ]

: [ ds Fu9Zw —s) . (D9)

Next we neglect the terms containing G (u,s) and I'y with respect to w in the spirit of the weak-interaction approxima-
tion and we find

o¥ —(u )—a"’ (D10)

Sz——thBTzna-‘” fordu exp(in¢+inwu)f0udsZ(u —s) Y, explin'¢+in'ws) T ,
<

where we have used Egs. (D3a), (D4a), and (D5) for F(u,s). Taking the average over the phase and using
2 . '
o [, dgelni=s, @11

we obtain from Eq. (D10)

S2=——iMkBT2na§,J) o'?) fOTdu foudsexp[inw(u —8)]1Z(u —s)
n

— a’_n 27 f du f ds explinw(u —s)(u —s)Z (u —s) J (D12)
Using o'%), =g'P dG /dJ and —oY,(dw/d))explino(u —s)(u —s)=G,(d /d))explino(u —s)] we rearrange Eq.
(D12) to get

d

S, =Mk3T§n2G,,-;L7 [G,, fordu fouds explinw(u —s)]Z (u —s)

=TMkyT 3 n? "dJ[G 4 ()] . ' (D13)

Turning now to the third term of Eq. (D1), using the Gaussian properties of the stochastic variables and taking only
average terms contributing to the lowest order in the interactions, we find for this term

da,n./)

f du exp

S;=

zn¢+ma)u— 5 [ "”f ds ¢"“F°G (u,5)+c.c. ]—nzl‘ou

X f dsEa(J)exp(m ‘¢+in'os){R (u)R(s)) . (D14)
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Ignoring as before the terms containing G (u,s) and I'y relative to @ and taking the average over the phase, we obtain
from Eq. (D14)

,dG A
S3=Mkp V) f du f ds explino(u —s)1Z (u —s)—‘erBTzn d; G, Z,(0) . (D15)
Combining Egs. (D13) and (D15) we obtain
- d_ 262 225 rded)
Sz+Ss—TMkBTdJ %n G, Z,(0) |=27TMkgT dJ 2 G, Z,(0) |=7kpT T (D16)

where Eq. (81) has been used to get the last equality,

Note that besides the weak-coupling limit [0 >>Z,(w) and w >>du, /dJ] we need not use in the derivations described
any other approximation. Thus we could safely neglect I'j compared to w. The situation is different however when we
evaluate the rest of the summations appearing in Eq. (D1). For example, in the fourth term exp[in¢(u)] does not appear
alone as before but it is rather accompanied by exp(+iwgu). In this case we are not allowed to neglect I‘o relative to
wr —no since the last quantity may be very small under resonance conditions. Taking this into account, in addition to

the weak-interaction approximation, we arrive at Egs. (79) and (80).
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